BOSONIZATION FOR DUAL QUASI-BIALGEBRAS AND PREANTIPODE 
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' Abstract. In this paper, we associate a dual quasi-bialgebra, called bosonization, to every 

dual quasi-bialgebra H and every bialgebra B. in tlie category of Yetter-Drinfeld modules over 
H. Then, using the fundamental theorem, we characterize as bosonizations the dual quasi- 
bialgebras with a projection onto a dual quasi-bialgebra with a preantipode. As an application 
_ ■ we investigate the structure of the graded coalgebra grA associated to a dual quasi-bialgebra A 

' with the dual Chevalley property (e.g. A is pointed). 
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1. Introduction 

Let be a bialgebra. Consider the functor T := (— : 971 — > 9Jl|J from the category of vector 
spaces to the category of right Hopf modules. It is well-known that T determines an equivalence 
if and only if H has an antipode i.e. it is a Hopf algebra. The fact that T is an equivalence is 
the so-called fundamental (or structure) theorem for Hopf modules, which is due, in the finite- 



dimensional case, to Larson and Sweedler, see [LS, Proposition 1, page 82]. This result is crucial 



in characterizing the structure of bialgebras with a projection as Radford-Majid bosonizations (see 



[Ra]). Recall that a bialgebra A has a projection onto a Hopf algebra H if there exist bialgebra 
maps a : H ^ A and it : A ^ H such that ir o a — Idn- Essentially using the fundamental 
theorem, one proves that A is isomorphic, as a vector space, to the tensor product R® H where 
R is some bialgebra in the category of Yetter-Drinfeld modules over H. This way R® H 

inherits, from A, a bialgebra structure which is called the Radford-Majid bosonization of R by H 
and denoted by R^H. It is remarkable that the graded coalgebra grA associated to a pointed 
Hopf algebra A (here "pointed" means that all simple subcoalgebras of A are one-dimensional) 
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always admits a projection onto its coradical. This is the main ingredient in the so-cahed hfting 



method for the classification of finite dimensional pointed Hopf algebras, see |AS]. 

In 1989 Drinfeld introduced the concept of quasi-bialgebra in connection with the Knizhnik- 
Zamolodchikov system of partial differential equations. The axioms defining a quasi-bialgebra are 
a translation of monoidality of its representation category with respect to the diagonal tensor 



product. In |Dr|, the antipode for a quasi-bialgebra (whence the concept of quasi- Hopf algebra) is 
introduced in order to make the category of its flat right modules rigid. If we draw our attention 
to the category of co-representations of H, we get the concepts of dual quasi-bialgebra and of dual 



quasi-Hopf algebra. These notions have been introduced in [Maj3| in order to prove a Tannaka- 
Krein type Theorem for quasi-Hopf algebras. 



A fundamental theorem for dual quasi-Hopf algebras was proved by Schauenburg in 1 3ch4 1 but 
dual quasi-Hopf algebras do not exhaust the class of dual quasi-bialgebras satisfying the funda- 
mental theorem. It is remarkable that the functor T giving the fundamental theorem in the case 
of ordinary Hopf algebras must be substituted, in the "quasi" case, by the functor F := (— ) (g) H 
between the category ^971 of left 7J-comodules and the category ^Dl^ of right dual quasi-Hopf 
iJ-bicomodules (essentially this is due to the fact that, unlike the classical case, a dual quasi- 
bialgebra H is not an algebra in the category of right i?-comodules but it is still an algebra in the 



category of 7J-bicomodules) . In |AP, Theorem 3.9], we showed that, for a dual quasi-bialgebra H, 
the functor F is an equivalence if and only if there exists a suitable map S : H H that we called 
a preantipode for H. Moreover for any dual quasi-bialgebra with antipode (i.e. a dual quasi-Hopf 



algebra) we constructed a specific preantipode, see [AP, Theorem 3.10] 



The main aim of this paper is to introduce and investigate the notion of bosonization in the 
setting of dual quasi-bialgebras. Explicitly, we associate a dual quasi-bialgebra -R#i? (that we call 
bosonization of R by H) to every dual quasi-bialgebra H and bialgebra R in ^yD. Then, using the 
fundamental theorem, we characterize as bosonizations the dual quasi-bialgebras with a projection 
onto a dual quasi-bialgebra with a preantipode. As an application, for any dual quasi-bialgebra A 
with the dual Chevalley property (i.e. such that the coradical of A is a dual quasi-subbialgebra 
of A), under the further hypothesis that the coradical H oi A has a preantipode, we prove that 
there is a bialgebra R in ^3^2? such that grA is isomorphic to RifH as a dual quasi-bialgebra. 
In particular, if A is a pointed dual quasi-Hopf algebra, then grA comes out to be isomorphic to 
R^kGr (A) as dual quasi-bialgebra where R is the diagram of A and G (A) is the set of grouplike 
elements in A. We point out that the results in this paper are obtained without assuming that the 
dual quasi-bialgebra considered are finite-dimensional. 

The paper is organized as follows. 



Section H contains preliminary results needed in the next sections. Moreover in Theorem 2.16 



we investigate cocommutative dual quasi-bialgebras with a preantipode and in Corollary 2.20, we 



provide a Cartier-Gabriel-Kostant type theorem for dual quasi-bialgebras with a preantipode. In 



the connected case such a result was achieved in |Hul, Theorem 4.3]. 

Section H, is devoted to the study of the category of Ycttcr-Drinfeld modules over a 

dual quasi-bialgebra H. Explicitly, we consider the pre-braided monoidal category (IJyX', (g),k) of 
Yetter-Drinfeld modules over a dual quasi-bialgebra H and we prove that the functor F, as above, 
induces a functor F : Ifj^I? h^h (that is an equivalence in case H has a preantipode, see 
Proposition ^.8[ ). 

In Section W, we prove that the equivalence between the categories gORg and g3^2? becomes 



monoidal if we equip with the tensor product (or Oh) and unit H (see Lemma 4.4 



and Lemma |4.8D . As a by-product, in Lemma ^.11| , we produce a monoidal equivalence between 
(gWtg,®^f,iJ) and (ggjlg, 0^,71). 



Section || contains the main results of the paper. In Theorem 5.2, to every dual quasi-bialgebra 



H and bialgebra R in ^yD we associate a dual quasi-bialgebra structure on the tensor product 
R®H that we call the bosonization of R by H and denote by Ri^H. Now, let {A, H, a, tt) be a dual 
quasi-bialgebra with projection and assume that H has a preantipode S. In Lemma |5.6| , we prove 
that such an A is an object in the category ^dJl^- Therefore the fundamental theorem describes 
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A as the tensor product i? ig) if of some vector space R by H. Indeed, in Theorem we prove 
that the dual quasi-bialgebra structure inherited by i? (8> -ff through the claimed isomorphism is 
exactly the bosonization of R by H. The analogous of this result for quasi-Hopf algebras, anything 



but trivial, has been established by Bulacu and Nauwelaerts in [BN], but their proof can not be 
adapted to dual quasi-bialgebras with a preantipode. 

In Section ^ we collect some applications of our results. Let A be a dual quasi-bialgebra with 
the dual Chevalley property and coradical H . Since A is an ordinary coalgebra, we can consider 



the associated graded coalgebra gr^. In Proposition 6.3, we prove that giA fits into a dual quasi- 
bialgebra with projection onto H. As a consequence, in Corollary 6.4, under the further assumption 
that H has a preantipode, we show that there is a bialgebra R in such that gr^ is isomorphic 

to R#H as a dual quasi-bialgebra. When A is a pointed dual quasi-Hopf algebra it is in particular 
a dual quasi-bialgebra with the dual Chevalley property and its coradical has a preantipode. Using 



this fact, in Theorem ^.IC we obtain that giA is of the form i?#kG (A) as dual quasi-bialgebra. 



where R is the so-called diagram of A. 

2. Preliminaries 

In this section we recall the definitions and results that will be needed in the paper. 

Notation 2.1. Throughout this paper k will denote a field. All vector spaces will be defined over 
k. The unadorned tensor product ® will denote the tensor product over k if not stated otherwise. 



2.2. Monoidal Categories. Recall that (see |Ka, Chap. XI]) a monoidal category is a category 



^A endowed with an object 1 £ A4 (called unit), a functor ® : Al x Al — > (called tensor 
product), and functorial isomorphisms ax,Y.z ■ {X (g) Y) ^ Z ^ X (g) {Y (g) Z), Ix ■ 1 <E) X X, 
rx : X <Si 1 ^ X, for every X, Y, Z in M. The functorial morphism a is called the associativity 
constraint and satisfies the Pentagon Axiom, that is the equality 

{U ® aY^w,x) ° au,v®w,x ° {au.v,w ® -'^) = auy^w^x ° au^v,w,x 

holds true, for every U, V,W,X in A4. The morphisms I and r are called the unit constraints and 
they obey the Triangle Axiom, that is {V ® Iw) ° civ,i,w = ry W, for every V, W in M. 

The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can 
be introduced in the general setting of monoidal categories. Given an algebra ^ in one can 
define the categories a-M, Ma and aMa of left, right and two-sided modules over A respectively. 
Similarly, given a coalgebra C in A^, one can define the categories of C-comodules '^'Ai, A4'^' , '■^ J^'~^ . 



For more details, the reader is refereed to [AMSl]. 



Let M. he a. monoidal category. Assume that M. is abelian and both the functors X ® (— ) : 
M ^ M. and {—) ® X : M M are additive and right exact, for any X € M. Given an algebra 
Ava J\A, there exist a suitable functor ®a ■ a-Ma x a-Ma aM-a and constraints that make the 
category {aM.Ai'^a,A) monoidal, see [ AMS1| , 1.11]. The tensor product over A in of a right 



^-module {V, fiy) and a left ^-module (W, ^^) is defined to be the coequalizer: 

,Tr A\ TTr tJ,v(g}W AXV,W 

{V(E)A)""' 




V(E)(A^W) 

Note that, since €5 preserves coequalizers, then V ®a W is also an v4-bimodulc, whenever V and 
W are ^-bimodules. 

Dually, given a coalgebra {C,A,e) in a monoidal category M, abelian and with additive and left 
exact tensor functors, there exist a suitable functor Dc ■ M-^ x Jli'~^' — '^A^'^ and constraints 
that make the category ^-^ M'-^ ,Dc,C) monoidal. The cotensor product over C in A^ of a right 
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C-comodule {V, py) and a left C-comodule {W, p\y) is defined to be the equalizer: 







VDcW 



V®P„, 





{V^C)®W 



Note that, since ^ preserves equalizers, then VOcW is also a C-bicomodule, whenever V and W 
are C-bicomodules. 

Definition 2.3. A dual quasi-bialgebra is a datum {H,m,u, A,e,uj) where 

• {H, A, e) is a coassociative coalgebra; 

• m:H®H^H and w : k — > iJ are coalgebra maps called multiplication and unit 
respectively; we set 1h ■= ^(Ik); 

• uj:H®H^H— is a. unital 3-cocycle i.e. it is convolution invertible and satisfies 

(1) Lu [H H m) * uj {m (S^ H (E> H) ~ mt (e (g) cj) * w {H ® m H) * mt (cj (E> e) 

(2) and uj {h k ® I) — e{h)e{k)e{l) whenever 1// e {/i, fc, /}; 

• m is quasi-associative and unitary i.e. it satisfies 

(3) m {H ^ m) * u! — u! * m {m ® H) , 



It is an isomorphism of quasi-bialgebras if, in addition, it is invertible. 

A dual quasi-subbialgebra of a dual quasi-bialgebra {H' ,m' ,u' , A' ,e' ,u}') is a quasi-bialgebra 
{H, m, u, A, £, uj) such that iJ is a vector subspace of H' and the canonical inclusion a : H ^ H' 
yields a morphism of dual quasi-bialgebras. 

2.1. The category of bicomodules for a dual quasi-bialgebras. Let {H,m,u, A,e,uj) be 
a dual quasi-bialgebra. It is well-known that the category DJl^ of right iJ-comodules becomes 
a monoidal category as follows. Given a right 7J-comodule V, we denote hy p = py : F — >■ 
(g) 7?, p{v) = vo (Sivi, its right 7?-coaction. The tensor product of two right H-comodules V and 
is a comodule via diagonal coaction i.e. p{v ^w) — vq (E> wq viwi. The unit is k, which is 
regarded as a right 7?-comodule via the trivial coaction i.e. p{k) = k®\H- The associativity and 
unit constraints are defined, for all U,V,W G DJl^ and u £ U,v £ V,w G W, k G k, hy 



The monoidal category we have just described will be denoted by (?0T^, O, k, , I, r). 

Similarly, the monoidal categories {^DJl, 0, k, ^a, I, r) and {^DJl^ , (X), k, ^a^ , I, r) are introduced. 
We just point out that 



(4) m {1h ®h) ^ h, for aU h e H, 

(5) m{h® 1h) = h, for aU h e H. 
UJ is called the reassociator of the dual quasi-bialgebra. 



A morphism of dual quasi-bialgebras (see e.g. pchl , Section 2]) 



a : {H, m, u, A, e, uj) — > (H' , to', u'. A', e', uj') 
is a coalgebra homomorphism a : {H, A, e) — ?> {H' , A', e') such that 

m'^a ® a) = am, au — u' , uj' (a (g) a (E) a) = uj. 



°'U,v,wii'^ (8) := uq (Ki {vq (8) wo)uj{ui (g) wi ® wi), 
lu{k (g) u) :— ku and rij{u ® k) := uk. 



^a(7,y,iy((M ®v)®w):^uj ® V-i ® W-i)uo ® {vq (g wq), 

a^u,v,wiiu g) (gi w) := uj^^{u-i g) w_i g) w_i)uo <g (vq g) wo)uj{ui g) wi g) wi). 
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Remark 2.4. We know that, if (H, m, u, A, e, lu) is a dual quasi-bialgebra, we cannot construct the 
category TIh, because H is not an algebra. Moreover H is not an algebra in DJt^ or in ^93t. On 
the other hand {{H, p^fj, p'^u),m,u) is an algebra in the monoidal category {^DJl^ ,^,k,^ ,l,r) 
with = p^jj — A. Thus, the only way to construct the category ^DJl^ is to consider the right 
iJ-modules in ^DJl^ . Hence, we can set 



The category ^3Jl|| is the so-called category of right dual quasi- H op f H -hicomodules |BC, Remark 
2.31. 



Remark 2.5. AMSl , Example 1.5(a)] Let (A, m, u) be an algebra in a given monoidal category 
(A4, ®, 1, a, I, r). Then the assignments M \ — > [M ® A, [M ®m)o aA,A,A) and / i — > f ® A define 
a functor T : M. AAa- Moreover the forgetful functor U : M.a is a right adjoint of T. 

2.2. An adjunction between ^'^^ and ^OT. We are going to construct an adjunction between 
^9Jt|^ and that will be crucial afterwards. 

2.6. Consider the functor L : "M" defined on objects by L^V) := 'V° where the 

upper empty dot denotes the trivial right coaction while the upper full dot denotes the given 
left i/-coaction of V. The functor L has a right adjoint R : ^9Jt^ — > ^971 defined on objects 
by RCM') := 'M""", where M""^ := {me M \ ma ® mi = m (g) 1^} is the space of right 
if-coinvariant elements in M . 

By Remark [2^, the forgetful functor U : "M^ ^ "M", U {'Ml) := * M' has a right adjoint. 



namely the functor T : "m" "m^,TCM*) := *M* ® 'HI. Here the upper dots indicate on 
which tensor factors we have a codiagonal coaction and the lower dot indicates where the action 
takes place. Explicitly, the structure of T {'M') is given as follows: 

p\i®h{''t^®^) ■ = r7i_i/ii ® (mo ® /i2), 
Pm®h(™'^^) : = (too «) ft-i) ® mi/i2, 
/i^/^^ [(to (g) /i) ® Z] = {m®h)l := uj~^{m^i®hi®li)mQ®h2l2i^{mi®h'i®l'i). 

Define the functors F ■.= TL:"m^ ^OJlg and G -.^ RU : "M';^ "M. Exphcitly G {'Ml) = 
'M""" and F{'V) := 'V° ® 'HI so that, for every veV,h,leH, 

Pv®h{'^ ®h)^ v-ihi (g) {vq (g) h2), 
Pv®Hi^ g) /i) = (w g) hi) (g) /l2. 



P'V<S)H [(^ (g) h) (g) I] — {v (g) h)l = Lo {v-i g) /ii g) li)vo g) h2l 



2- 



Remark 2.7. By the right-hand version of [ ^ch4 . Lemma 2.1], the functor F : — > ^97l|f is a 



left adjoint of the functor G, where the counit and the unit of the adjunction are given respectively 
by em ■ FG{M) M,eM{x g) h) := xh and by TyAr : ^ GF{N),r]N {n) := n (g 1h, for every 
M G ^dJl^, N G ^971. Moreover rjN is an isomorphism for any A^ G ^DJl. In particular the functor 
F is fully faithful. 

2.3. The notion of preantipode. Next result characterizes when the adjunction {F, G) is an 
equivalence of categories in term of the existence of a suitable map r. 



Proposition 2.8. |AP| , Proposition 3.3] Let {H,m,u, A,e,Lu) be a dual quasi-bialgebra. The fol- 
lowing assertions are equivalent. 

{i) The adjunction {F, G) is an equivalence. 

{a) For each M G ^971 there exists a k-linear map r : M M'^""^ such that: 

(6) T{mh) = aj^"'^[r(TOo)_i g) TOi g) /i]t(too)o, for all h E H,m E AI, 

(7) TO_i g) T(mo) — r(TOQ)_iTOi g) T(mo)o, for all m G M, 

(8) T{mo)mi ~ TO Vm G M. 
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(iii) For each M G ^9Jl|f , there exists a h-linear map t : M M'^°^ such that holds and 
(9) T{mh) = me{h), for all h e H, ni e M""" . 



Remark 2.9. Let t : M ^ M""" be a k-linear map such that (||) holds. By Remark 3.4], 
the map t fulfills (|) if and only if it fulfills (|) and (0). 



Definition 2.10. Following |AP, Definition 3.6] we will say that a preantipode for a dual quasi- 
bialgebra {H, m, u, A, e, w) is a k-linear map S : H ^ H such that, for all h & H, 

(10) S{hi)ih2^S{hi)2^lH®S{h), 

(11) S{h2)l®hiS{h2)2 = S{h)®lH, 

(12) ^^(/ii(g)S'(/i2)®/i3) 



Remark 2.11. | AP, Remark 3.7] Let (iJ, m, m. A, e, oj, S) be a dual quasi-bialgebra with a prean- 
tipode. Then the following equalities hold 



(13) 



hiS{h2) = eS{h)lH = S{hi)h2 for aU heH. 



Lemma 2.12. ] AP, Lemma 3.8] Let (H, m, m. A, e, cj, S) be a dual quasi-bialgebra with a preantipode. 
For any M € and m€ M, set 

(14) T(m) := c<;[m_i ® 5(mi)i (g) m2]mo5(mi)2- 

T/ien 0; de/^nes a map r : Af ^ M""" which fulfills ^ and ^. 



Theorem 2.13. [AP, Theorem 3.9] For a dual quasi-bialgebra (iJ, m, u, A, e, w) the following are 
equivalent. 

(i) The adjunction (F^G) of Remark 2.7 is an equivalence of categories, 
{ii) There exists a preantipode. 

We include here some new results that will be needed later on in the paper. 
Lemma 2.14. Let {H,m,u, A,e,uj, S) be a dual quasi-bialgebra with a preantipode. Then 
(15) uj-^ [S (hi) (g)h2(SS (hs)] = eS (h) , for all h e H. 

Proof. Set a u){H ® H ® m)*uj (m (g) 7? (g) H)*mk (^^"^ O e) and /3 = nit (e cf )*a; {H ®m® H) . 
Fix h e H. We have 



(0) 




a {S (hi) ^h2(E)S (/13) ® /14) 

5(/ii)i ® /i2 S'(/i5)(i) S {hi)^h3(g) S (hs) 

U [S (hi)^ ® /l2 (g) 1//] W 5 (/li)2 /13 5* (/l5)(i) ® ^6 



(2) ^ 



5(/li)ift2«'5'(/l4)(i) gi/is 



Iff ® 5 (^4)(i) ® /15 

t^-M^(/ll)®/^2«'^(/l3)], 



5 (hi)^ ^hs^S [hi 

S'(/ll)(8)/l3®5(/l4)(2) 



> hr uj ^ 5 (/ii)3 (g) /14 g) 'S' (/i5)(3) 

S'(/ll)3(g)/l4(8)5(/l5)(2- 
(2 



and 



/3 {S (hi) h2 ® S (hs) ® hi) 



(0) 



h2<Si S (ft4)(i) 



5 (/ii) (g) /135 (/i4)(2) ® 



W [/l2 g) S* (/13) » /14] [S* (/ll) (g) Iff g) /15] 

w [/i2 g) S* (/13) ^4] eS'(/ii) 
e5(/i). 

By the cocycle condition we have a = /3. 



(i 



□ 
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Definition 2.15. [ Majl , page 66] A dual quasi-Hopf algebra {H,m,u, A,e,uj,s,a, (3) is a dual 
quasi-bialgebra {H, m, u, A, e, lj) endowed with a coalgebra anti-homomorphism 

and two maps a, /3 in H* , such that, for all h £ H: 

(16) Kfi{h2)s{h:,) = /3(/i)lff, 

(17) s{hi)a{h2)h3 = a{h)lH, 

(18) uj{hi® l3{h2)s{h:i)a{K)®h^) = e(/i) = w"i(s(/ii) » a(/i2)/i3/5(/i4) «) s(/i5))- 



In [ [AP| , Theorem 3.10], we proved that any dual quasi-Hopf algebra has a preantipode. The 
following result proves that the converse holds true whenever H is also cocommutative. 

Theorem 2.16. Let {H,fn^u,/S.,e,uj,S) he a dual quasi-bialgebra with a preantipode. If H is 
cocommutative, then [H, m, u. A, e, s) is an ordinary Hopf algebra, where, for all h £ H , 

s (h) 5 (/i3)i w [hi ® S {h^)^ ® h2] . 

Furthermore {H,m,u, A,e,Lo,a, /3, s) is a dual quasi-Hopf algebra, where a :— e and (3 :— eS. 
Moreover one has S = /3 * s. 

Proof. By (^, cocommutativity and convolution invertibility of w, we get that (hk)l — h{kl) for 
all h,k,l e H . Therefore m is associative and hence {H, m, u, A^^ is an ordinary bialgebra. 
Let us check that s is an antipode for H. Using cocommutativity, ( |l0|) and (|lj) one proves that 
s(/ii)/i2 = lH£{h) for all h E H. Similarly one gets his{h2) = l//£ (/i) for all h E H. Hence 
{H, m, u. A, £, s) is an ordinary Hopf algebra. Note that, for all h E H , 

(19) S{h) = S{hi) [/i2s(/i3)] = [S{hi)h2] sihs) © eS{hi)s{h2) - /? (hi) s{h2). 

Let us check that [H, m, u, A, e, cj, a, /3, s) is a dual quasi-Hopf algebra. For all h E H, 

hil3 {h2) s {hs) 8 hiS{h2) & lH£S{h), 
s{hi)a{h2)hz = s(/ii)/i2 = Ih£ [h) = Ina {h) , 

ijj[hi®l3 {h2) s (hs) a (hi) ® hs] ® ij[hi^S {h2) ® /la] Ih£ (h) . 

Now, since (H, m, u, A, e, s) is an ordinary Hopf algebra, we have that s is an anti-coalgebra map. 
Thus 

S {h), (E> S (ft)2 ^0 (3 (hi) s (/i2)i <E> s {h2)2 = /3 (/ii) s (hs) <E) s (/la) 



so that 



/? (/ii) s ih2) ® s (/13) S S{hi) ® s (/la) 



a; ^ [s (hi) (g) a {h2) h^lS (hi) (g) s (hz)] 

[s(/li) ® /l2 (X)S'(/l3)] 

= [S (hs)^ (g) /14 (g) S* (/15)] w [/ii S* (hs)^ g) /i2 

= [S (hs) (E)h5(g)S (he)] w [/ii ® s (/14) ® /12] 

[S* (/i2) (E)h3(g)S (/i4)] w [/ii (8) s (/15) (g) /le] 



(§: 



4 



(0) 

8 c<j[/ii®5(/i2)0/i3] 9 lHe(/i). 



£S'(/l2) W [/li (g) S (/13) g) /l 



□ 



Definition 2.17. A dual quasi-bialgebra {A, m, u, A, e, cj) is called pointed if the underlying coal- 
gebra is pointed, i.e. all its simple subcoalgebras are one dimensional. 
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Definition 2.18. Let {A,m,u, A,e,uj) be a dual quasi-bialgebra. The set 

G{A) ^ {a e A \ A(a) = a ® a and e{a) = 1} 
is called the set of the grouplike elements of A. 

Remark 2.19. Let ^ be a pointed dual quasi-bialgebra. We know that the 1-dimensional subcoal- 
gebras of A are exactly those of the form kg for g e G (|S"w, page 57]). Thus the coradical of A is 
^o = E<,6Gk5 = kG(A). 

The following results extends the so-called Cartier-Gabriel-Kostant to dual quasi-bialgebras with 
a preantipode. In the connected case such a result was achieved in [Hul, Theorem 4.3]. 

Corollary 2.20. Let H be a dual quasi-bialgebra with a preantipode over a field h of characteristic 
zero. If H is cocommutative and pointed, then H is an ordinary Hopf algebra isomorphic to the 
biproduct U (P (H)) ^kG [H) , where P [H) denotes the Lie algebra of primitive elements in H . 



Proof. By Theorem 2.16 , H is an ordinary Hopf algebra. By |Sw, Section 13.1, page 279], we 
conclude (see also [ [IVI4 page 79]). □ 

3. YeTTER-DrINFELD modules over A DUAL QUASI-BIALGEBRA 

The main aim of this section is to restrict the equivalence between ^dJl^ and ^DJl of Theorem 



2.13 , to an equivalence between and (the category of Yetter-Drinfeld modules over H) 

for any dual quasi-bialgebra H with a preantipode. 

Definition 3.1. Let {H,m,u, A,e,uj) be a dual quasi-bialgebra. The category of Yetter- 

Drinfeld modules over H, is defined as follows. An object in is a tern (V, pv, >) , where 

• {V, p) is an object in ^9Jl 

• P[ ®V V \s & k-linear map such that, for all h,l ^ L and v € V 

o;"^ {hi (g) u-i) w (/i2 ® {h > wo)_i ^ h) 
{{hs [> {I2 > wo)o)_i <8> (8> ^4) (hs l> {h t> ^0)0)0 



(20) 



(hi) [> V 



1h ^ V = V 



and 



(21) 

(22) {hi \> v)_^ h2 (8) {hi \> v)^ = hiv^i (g) {h2 t> vq) 

A morphism / : {V, p, \>) {V , p' , !>') in |^3^X> is a morphism / : {V, p) {V , p') in such 
that f{h ]>v) = h\>' f{v). 

3.2. The category is isomorphic to th e weak right center of (regarded as a monoidal 

category as in Section H), see Theorem A_^. As a consequence ^yV has a pre-braided monoidal 
structure given as follows. The unit is k regarded as an object in via trivial structures i.e. 

Pk {k) = 1h ®k and h [> k = e {h) k. The tensor product is defined by 

{V, pv, >) ® {W, pw, t>)^{V® W, pv(g,w, t>) 

where pv(»w {v (S^ w) — v^iW-i (^vq^wq and 

(23) h>{v^w)^\ ^(/ii®w-i«'w-2)w-i((/i2 ^ vo)„2®^3®?«-i) 

The constraints are the same oi^DJl viewed as morphisms in ^y^- The braiding cy^w : T^igVF — J> 
W ®V is given by 

(24) cv^w {v ®w) — {v-i \> w) iS> vq. 

Remark 3.3. It is easily checked that condition ( po[ ) holds for all h,l E L and v G V" if and only if 

CH0H.V = "avM.H ° {cH.v ® -ff ) o " aflyjj o{H ® CH,v) o "aH,Hy, 

where ^ a is the associativity constraint in ^DJl. Now, the displayed equality above, can be written 

as 

""-VMM ° CH®H,v ° "o-'n^.Hy = i'^Hy ® H) o "afj"y^^ o {H ® ch,v) ■ 
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One easily checks that this is equivalent to ask that 

uj {hi ®li<S> v-i) uj (((^12^2) > vo)_i ®hz® h) ((^2^2) l> wo)o 
= iLi(hi (g) {li l> v)_i (g) l2)h3 l> (^1 O v)o 



holds for all h,l E L and v €V. This equation is the left-handed version of [Ba, (3.3)]. In conclusion, 



the axioms defining the category are the left-handed version of the ones appearing in Ba 

Definition 3.1]. 

3.1. The restriction of the equivalence (F,G). Let be a dual quasi-bialgebra. From Theo- 
rem 2.13, we know that the adjunction (F, G) of Remark 2.7 is an equivalence of categories when 
H has a preantipode. Next aim is to prove that (F, G) restricts to an equivalence between the 
categories ^y V and h^h- 

Inspired by | Sch4 , page 541] we get the following result. 

Lemma 3.4. Let {H,Tn,u, A,e,uj) be a dual quasi-bialgebra. For all U G ^971 and M e |j97l|f, we 
have a map 

^UM ■■ F{U)®H M ® M, 
£,U,M {{u® h) ®H — uj^^ {u^i g) hi (g m^i) uq ® h2mo 

which is a k-linear natural isomorphism with inverse given by {u (E) m) — {u g) 1h) ®ff ™- 

Moreover: 

1) the map ^jj.M is a natural isomorphism in ^9H|J where U®M has the following structures: 

Pf7i8)M("®™) = ® (wo ® mo), 

Pc/(8)m('"®"^) (u mo) mi, 

pL\jfg,]^,f{{u® m) ® h) = a;^"^(u_i (g) m_i (g) /ii)mo mo/12; 

2) if U G the map ^u,M is a natural isomorphism in ^OJl^ where U ® M has the 
structures above along with the following left module structure: 

mV®m(^ g) (u ® m)) — UJ {hi® u_i ® m_2) ^^^^ ((/12 O ^0)^1 ® h^ ® m_i) (/i2 O uo)o ® h^niQ. 



Proof. Clearly U ®M e^M" via 



M 



and plff^M- Let ^'^ j^.j : F {U) ® M U ® M he defined 



by ^'jjjyj {{u ® h) ®m) — uj^^ ® hi ® m_i) uq ® /i2mo. 

Using the quasi-associativity condition (H), one easily checks that j^.j is in ^9Jt^. 
Let us check that is balanced in ^Wl^ i.e. that it equalizes the maps 



{F {U)®H)®M: 



\F{U)®M 



(F(C/)(8a'm)o"q?(„),„.„ 

We have 

iu.M {/f(u) ® (((^^ ®h)®l)®m) 
= uj^^ ®hi® li) Sfu j^j ((uq ® 712^2) ® m) 
= bj^^ (u_2 ®hi® li) Lo^^ (g) h2l2 ® m_i) 1*0 ® {hsls) mo 
_ LJ^^ (m_2 ® hi® li) uj^^ ® ft,2^2 m_2) {h^ ®l3® m_i) 
uo ^ /14 (^4mo) w (/i5 g) ^5 (g mi) 

fl* cj^-^ (u-2^1 g) ?i g) m_2) w^"^ (m-1 ® h2® hm-i) uq ® {hnio) uj (/i4 g) ^4 g) mi) 

= {u-ihi ®li® m_2) C[/,M (-P" {U) ® ^J-m) (("0 (Xi /12) (^2 <8) mo)) uj {h^ ®l3® mi) 

= Cum (t^) ® A^m) "af^u)M.M iiiu ®h)®l)®m). 

Hence there exists a unique morphism S,u,m ■ F {U) ®h M — > U ® M in ^dJl^ such that 
S,u.M {{u ® h) ®H m) = M {{u ®h)®m). This proves that £,u,m is well-defined. 



10 



ALESSANDRO ARDIZZONI AND ALICE PAVARIN 



We now check that £,u,m is invertible. Define 



We have £,u,m ° C 



Id 



U®M 



and 



dcf ®H 



uj^^ ®hi® (mo gi Ih) ®h h2m,o 

(uo (g 1/^)0 ^3 '^H mow"-^ ((mo (g 1^)1 (g> /l2 g> JTli) 



) mi) 



The proof that ^"^ 



(uq (g) Ih) (E)H moLj ^ (1// g) /14 
(u g) 1/f ) h g)_ff m—{u®h) ®H m. 
M is natural in U and M is straightforward. 



1) In order to have that £,u,m is in 9Jl)j, it suffices to prove that Cu m i^ i^ Clearly, 
Cu M is in being an inverse of ^c/,Af • 

The map •Cc/m right _ff-linear in ^DJl^: 

Cu,M [{{u (E> h) (g) m) I] 

= uj^^ ((u g) g) m_i g) Zi) ^[jj^f [{u g) /i)q g) mo/2] ((u g) ^)i (g mi (g I3) 

= uj^^ [u-ihi g) m_i g) /i) ^^ jvj [(uo ® ^2) g) "^-0^2] w (/13 g) mi gi ^3) 

o;^-^ {u_2hi (g m_2 gi ^i) w"-^ (u_i g) ft.2 ® n^-ih) 
Uq g) /i3 (mo/3) w (/14 g) mi g) Z4) 



(M_2ft.l g) m_3 g) ^i) w ^ (u-i 



I m_2?2) w (/i3 (g m_i g) ^3) 



iU-2 



2) 



Mo g" {hi'ma)li 

-2 IS ft-i g) '71-2) (u-i g) h2m-i g) Zi) uo g) {hy,mo)l2 

hi g) m_i) (uq g" h2mo) I 
= ^u,M{{'u®h)®m)l 
is left i7-hncar in "m.": 

S.'u,M[l{{u®h)®m)] 

= w (Zi g) (u g) h)_^ g) m_i) [Z2 [u g) /i)q g) mo] {I3 g) (u g) /i)i g) mi) 

= w (/i g) u_i/ii g) m_i) [I2 (uo g) /i2) g" mo] a;"^ (^3 g) /is g) mi) 

a; (/i g) u_2/ii g) nT'_i) a;(/2 g) U-i g) h2)uj~^{{l^ \> Uo)-i g" ^4 g> /is) 
?c/,Af [{(^3 > uo)o ® /5/i'4} g) Too] (/e g) /15 ® TOl) 

a; (/i g) U_2/i-l g) TO_2) w(/2 g) M_l g) /l2)w^^((/3 l> Uo)-2 gl /4 gl /js) 

((/s [> uo)-i g" /5/14 gl rri^i) {I3 t> uo)o ® (/e/is) mow"-^ (/y g) /le gi mi) 
uj{li g)M_2/ii (gm_3)a;(/2 g)u_i g) /i2)u;~^((/3 l> Uo)-2 g) ^4 ig /13) 
cj"^ ((/s [> uo)-i <8) /5/14 g) m,-2) '^""^ (/e gi /15 ® m— 1) (^3 > ^0)0 gi hihemo) 

LO [li g) U_2/ll gl TO_3) a;(/2 g) U-i g) h2)u}^^ l> Uo)-2/4 g" /i-3 g) TO_2) 

'^""^ ((/s t> uo)-i g) /s (8) h^m^i) {I3 t> ua)o g) leih^niQ) 

LO (/i g) U_3/li g) m_3) U>{l2 g) U-2 g) /i2)w^^ (/3M-1 ® /i3 g) m_2) 

w"^ ((/4 l> uo)_i ®h® him-i) {I4 \> uo)q g) iQih^mo) 

oj^^ (u_2 g" /i-i g) Ti^s) a; (/i g) u_i g) /i2m_2) 
cj^^ ((^2 t> uo)_i g) /s gl /j3TO_i) (/2 l> uo)o ® hihim^i) 

(u_i g) /ii g) m_i) / [uq g) /i2mo] = /^t/.M ((" gl /i) g) m) . 
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□ 
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Lemma 3.5. Let {H,m,u, A,e,uj) be a dual quasi-bialgebra. For all U,V E ^DJl, consider the map 

au,v ■■ U ®{V ®H) ^ {U ®V)®H 
auy {u® {v ®k)) ~ lu {u^i ® V-i ® ki) {uq ® vq) ® k2- 

1) The map au,v '■ U ® F [V] F {U V) is a natural isomorphism in ^3Jl||, where U ® 
F iy) has the structure described in Lemma 3.4 for M — F (V) . 

2) IfU,Ve h3^I>, then au,v : U ^ F (V) ^ F {U ® V) is a natural isomorphism in |f9Jtg, 
where U ® F {V) has the structure described in Lemma 3.4 for M — F {V) . 

Proof. Note that a^/.y = {^au,v,H) ^ so that auy e ^971 and it is invertible. 

1) Let us check that auy - U ®F {V) -> F {U ®V) \s a. morphism in ^OTg, where U ® F {V) 
has the structure described in Lemma |3.4| for M — F {V) . 

It is easy to check that ajjy is right iJ-cohnear. Moreover the 3-cocycle condition (0) yields 
that ajjy is right 7J-hnear in ^DJl^, i.e. that auy is a morphism in ^9)1^. 

2) Let us check that auy is left iJ-linear in ^DJl^ . On the one hand we have 

auy [h (u (g) (w (g) k))] 

= uj{hi® u-i ig) (u fc)_2) {{^2 > Wo)-! ®h'i®{v® k)_j) auy [(/i2 > mo)o ® /i4 (w ® k)^] 
= uj{hi® u-i ® v-2ki)uj^^ ((/i2 > ""o)-! ®h-i® u_ifc2) auy [(/12 > ""0)0 ® ^4 ("o ® fcs)] 

uj {hi ® M„i ® W-sfci) w^-^ ((/i2 l> Mo)_i ®hz® ^-2^2) '^(/i4 "Xi ^'-i ® ^3) 

w"^((/i5 [> wo)-i ®hQ® ki)auy [(^2 l> ^0)0 ® [(/15 t> uo)o ® /iT^s]] 
a; (/ii g) u_i ® W-sfci) w^-^ ((/i2 l> Uo)_2 ^h^'S!) ^-2^2) "^(^4 "X) W-i ® ^3) 
a;"^((/i5 > wo)-2 ®hQ® k^ju: ((^2 > "o)_i ® (^5 > vo)-i "X* /lyfes) 

[(/l2 t> Mo)o ® {^5 > Wo)o] ® ^8^6 

On the other hand 

hauy {u® (v I® k)) = lu (g) u_i ® ki) h [{uq (g uq) g) fc2] 

W g) V-i g) fci) g) (uq g) Wo)-! ® ^2) 

u~^{{h2 > (wo (S) ^^o)o)-i ®h-i® kz){h2 > (wo ® wo)o)o ® ^4^4 

w (u-2 g> v-2 g) fci) a;(/ii (g M-iU-i g> fe) 
i:j"^((/i2 t> (mo g) wo))-i g> ^3 "X) k^){h2 l> (mo ® wo))o ® h^k^ 



il) 



CJ (u_2 ® V-2 ® ki) Lo{hi (g g) ^2) 

1^ ((^2)1 ® (^to)_i ® («o)_2) ((('i2)2 l> (^to)o)_2 ('^2)3 ® («o)_i 



i) 



{{{^2)2 > (wo)o)_i ® ((^^2)4 > (wo)o)_i ® (^^2)5 
'^"^[(('12)2 o K)o)o ((^12)4 > Mo)o\-l ® hs g)'fc3) 

[((/l2)2 t> (wo)o)o ® ((^^2)4 > (wo)o)o]o ® ^4fc4 
W (-U_3 g) V-i g> fcl) g) U_2W-3 ® ^2)^^ (^2 g) g) W_2) 

1^""^ ((/13 > Wo)_2 g) /l4 <g f-i) w ((/13 [> Uo)_i g) (/15 I> wo)_i (8) /le) 
w~^(((/i3 I> uo)q g) (/15 l> wo)o)-i ®h7(S) k^) 

{{hs O Mo)o ® (^5 l> Wo)o)o ® /l8fc4 

g) u_2 ^ w-3fci)a;(/i2U-i ^ w_2 g) ^2)0;^^ ((/i3 [> wo)_2 g) /14 ® w-i) 
W ((/l3 O Uo)_;^ g> (/15 O Wo)_i g) ho) W"l(((/l3 > Uo)o g) (^5 > i'o)o)-i (8) /17 <8> fcs) 
((/13 > Mo)o ® (^5 > ^^0)0)0 <8) /l8fc4 



g) M_2 g) W_3fcl)w(ft2'«_l g) V-2 g> ^2)1^ ((^3 l> "o)- 



1 



UJ [{hs O Mo)_2 ® l> wo)_2 ® ''•e) ^ ^{{^3 > "o)_i (^5 t> Vo)_i g) fty ® ^3) 

((/l3 t> Mo)o ® (/is t> Wo)o) ® '18^4 

g) U-2 ® U-3fci)a;(/i2M_i g) u_2 g) ^2)'^""^ ((^3 O Wo)_3 g) /14 g) W-i) 
'^""^((^3 t> Mo)_2 ^ (^5 t> wo)_3 ^6 ^ kz)uj^^{{hz \> Wo)_2 ® hi ® k^) 
w((/i3 > ■"o)_i ® {h:-, t> wo)_i «) hsk:i){{h3 [> uo)o g) (/i5 > uo)o) ^ig^e 
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(0) 
i 



Uj{hi (g) U_2 t'-4/Cl)w(/l2U-l W-3 ® /C2)w~"^ ((/13 > Mo)_3 ® ^4 '!'-2) 
C<J^^((/l3 > Uo)_2 'Si h^V-i ® k3)uj~^{{he \> Vo)_2 S hi 1^ fc4) 

® U_2 (g) V-^5ki)uj{h2U^l ® W-4 fg) fc2)w~-^((ft.3 > '"o)_3 /?-4 W_3 ® ^3) 



w((ft.3 |> Mo)_i ® (^7 > vo)_i (g) hgkr)iih3 t> uo)o ® l> vo)q) <g) /iiofcs 

a;(/ii (g) M_3 (g) V-5ki)uj{h2U^2 ® t'-4 ^ k2)oJ^^{hj,u^i ® w_3 (g) /c3) 
w^^((/i4 l> uo)_2 ®h<i® V-2ki)uj{hQ ® v-i (g) k<i)uj^'^ {{h-j l> wo)_2 ®hfi® k^) 
w((ft,4 l> uo)_i ® (/i7 > I'd)-! ® hgk^){{hi l> uo)o ® l> wo)o) (g) /iiofcs 

® u_i (g) w_3A;i)a;^^((/i2 l> uo)_2 ®hz® v-2k2)u;{h4 (g) w_i (g) fc3) 
w"H(^5 l> ^^o)_2 ^ ^6 <8) ki)oj{{h2 > uo)_i <8) (/15 > I'd)-! <8' ^7^5) 
((/(,2 > uo)o (/15 > wo)o) ® hske 

Summing up, we have proved that au,v '-U ® F {V) F [U ®V) is an isomorphism in |f37l]|. 
Now, since ajjy = {^<iu,v,h) ^ ' have that ajjy is natural in f/, V for all morphisms in ^971 
(in particular in '^yV). □ 

Lemma 3.6. Let (iJ, m, u, A,e,w) be a dual quasi-bialgebra. The functor F : (— ) (g) H : — >■ 
^Wlg o/U. mrfwces a functor F : ^yV h^h- Explicitly F {M) G gSJlf with the following 
structures, for all m G M, h,l ^ H , 



(25) MM0ff ® (™ «> ft)] 



— I ■ {m iS> h) :— uj{li (g) m_i g) /ii)(Z2 O mo (g) ^3) • /12 

a;(Zi g) m_i (g /ii)ilj"-^((/2 > mo)-i g) Z3 g) /i2)(Z2 O "^-0)0 ^ ^4^3 



(26) /i^j^j:^ [(m g) ft) g) Z] : = {m ® h) ■ I := u) -^(m_i g) fti g) ;i)mo g) ft2?2, 
Pm(B,h ("rn (E) h) : m_i/ii g) (mo g) ft2), 
PM«.ff("^®^) • = (m g) fti) g) /i2, 
Proo/. Let M € |J3^2?. Consider 7J g) M as an object in ^OT^ via 

PH(^Mih'Srn) : = (/i^ g) m) g) ft,2, 
PH(»Mih'Srn) : = /iim_i g) (/i2 g) mo) . 

Since (7J g) M, /5^®m) ^ '^971, by Lemma U, the map aH,M : H ® F (M) F {H ® M) is a 
natural isomorphism in ■^STt^J, where H ® F [M) has the structure described in Lemma 
"M" = F (M), i.e. for aWhc^H.xe M ® H 

p''H(g,F(M)i^® ^) = ftia:^-! g> (ft2 (X" So), 
P'Hc»F(M){h® X) = (h(g)Xo)(E)Xi, 

Mff(giF(M)((ft 2;) g) /c) = w^-^(/ii g) a;_i g) fci)/i2 g) 2:0^2. 
In particular, we have 

Pt(h®m)(^h.m = p''f(h®m)(^h,m = {H (g) aH,M) P^h^f(m) 



for 



where T : "M" "M^, T {'M') 
the following new structures 

Ph<»f{m) (ft ® 

PlK^FiM) (ft ® x) 
Mw(Af)((ft'8'2:)®fc) 



= 'M'®*Hl is the functor of ^ Now, consider on H®F (M) 

~ ftlX_i g) (ft2 g) Xo), 

= (/ii g) xo) g) ft2a;i, 

= ijj^^{hi g) a:_i g) fci)ft2 g) xofc2w(ft3 g) xi g) fcs). 



note that p-^H^FiM) ^ 

i? g) 

PpiM)^ ° ^ '^H,F{M),H' ■1^0'"60ver one gets 

Pt(H®M)'^HM = {aH,M ® -ff ) P^f®_F(Af ) 
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and 



P'T(H®M) {o^H,M ® H) {[h (g) (m k)] I) 
= LU {hi® m_2 ® ki) LO^^ (/i2m_i ® k2 ® h) (h^ i® mo) ®> k^^hijJ {h^ ®ki® I3) 
= ^^F(Hi»M) {(^H.M ® H) [(hi (g) (m (X) fci)o) ® h] w(/i2 (g (m (g) ki)i ® h) 
= aH,Mf^H(»F(M) [(^1 ® {m(®ki)o) (g li]uj{h2 (g) (m ki)i (g h) 
= LO^^{hi (g (m g) k)_^ g) li)aH,M [^2 g) (m g) A:i)o • h] w(/i3 (g (m g) fci)i g) ^3) 

= OLH,MVH®F{M){[^®{'^®k)\®^) 

We have so proved that aH,M can be regarded as a morphism in ^9Jl^ from H ® F (M) to 
T{H®M), where 77 g) F (M) has structures ^H(g,F{M)2PH(g,F{M) and Wn^FiMy 

Consider the map c^f.M : H ® M ^ M ® H, as in (p4) i.e. ch.m {h g) to) = (hi [> to) g) ft,2. 

Using ( p^ ) one can prove that ch,m : H (g) M ^ F (M) is a morphism in ^9Jt^ (where H (g M 
is regarded as an object in -^SJt-^ as at the beginning of this proof) whence T (ch.m) is in ^DJl^ 
(note that we do not know that H is in ^yT) so that we cannot say that ch.m is in directly). 

Now, consider the morphism : F {M)®H F (M). Clearly lJ~p(^j^-^ can be regarded as a 

morphism in ^'^^ from TF (M) to F (M). Summing up we can consider in ^DJt^ the composition 



H®F (M) T{H®M) '^^'^"^ TF (Af ) F (M) 



where if g) F (A/) has structures P^H®F(M)^PHf^F(M) ^^'^ f^H^FiM}- Thus Mm®h is a morphism in 
"m" such that 

It remains to prove that (Af g) ff, IJ-^m^h) ^ ^^^^ if- module in ^DJl^ . Let us prove that 

(28) AmH ° (H ® Mm®h) ° ""aiff.M^H = A^m^^h ° N ® (^'^ ® ^^)] • 

First note that, using ( p7|) and (|^) one checks that 

IJ-M^H (H g) mWh) "aHM,M<s>H [{h (g fc) (g (to g) Z)] 



u;(/iiA:i ® TO_i (g ^i) [//M®H g) Mm®//) "o,hm,m<»h [(^2 ® ^2) «) ("Iq ® 1h)]] I 



and 



Mm®j/ [to (g (Af (g ff )] [(/i g) /c) g) (to (g 0] 
uj{hiki g) TO_i (g ^i) [(^,2^:2) (too g) 1//)] ^2 

a;(/iiA:i g) to_i g) ^Ommcs// [to g) (Af g) ff )] [(ft.2 (g fc2) g) (too ® Ir)] h 







Thus we have to prove that (|2^) holds on elements of the form {h®k)®{i!n® 1h) 
We have 

Mm»// [H ® t^\i^H) "aH,HM®H [ih ®k)®{m® In)] 

UJ'^{hi g) fci g) TO_i)w(/l2 g) (^2 l> TOo)-l g) fca) 
[/13 [> (A:2 > TOo)o "g" ft.4]fc4 
W^H^l €5^1® TO,_i)cli(/i2 g) (fc2 1> TOo)-l g) fcsj 

a;"i((/i3 l> (fc2 [> too)o)_i g) g) fc4)(/i3 > (fe > wo)o)o ® /isfcs 

© ft-i/ci [> TO g) /i2fc2 = (/lA:) (to g) 1/f) = Mm®// [to g) (Af g) ff)] [(ft, g) fc) g) (to g) 1/f)] . 

Finally one checks that, for each morphism / : Af — > in ^yD, we have F{f) :— f®H G h^h- 

□ 
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Lemma 3.7. Let {H,m,u, A,e,uj, S) be a dual quasi-bialgebra with a preantipode. The functor 
G : {-Y°" : "m'^ "m of\2^ induces a functor G : gSOtf ^ g^P. Explicitly G (A/) e ^yV 
with the following structures, for all m G M'^"^ , h £ H , 

piiaoH (m) : = p\.j{m), 

p\[aoH {h®m) : = h\> m := T{hm) = Lo[him^i (g) S{h3)i (g) h^] (/i2mo) S{h3)2- 

Proof Let M £ h^h- We already know that G{M) e "M. In order to prove that G(M) is in 
1^3^!?, we consider the canonical isomorphism eM ■ FG [M] M oi Remark 2.7. A priori, this is 
a morphism in ^dJl^. Since AI is in ^DJl^, we can endow FG (M) with a left module structure 
as follows 



I ■ {m®h) 



} {leMim ® h)) = ej,/ {l{mh)) = r [/i(mo/ii)] ® l2{mih2) 



= T [li{mhi)] (E) ^2/12 = ^1 l> (mhi) O ^2^2 

so that 

(29) I - {m<Sih) = lil> {mhi) <Si l2h2, for aU m e M'^"^, h € H. 

By associativity we have 

(Ik) ■ {m®h) = LO^^ {li ®ki® m_i/ii) I2 {k2 (mo ® ft.2)) w (Z3 (g) fcs 
i.e., for ft, = Ih, 

{Ik) ■ (to ® Ih) = (^^^ {h ® fci (g) TO_i) ^2 (^2 (wo ® Iff)) • 

The first term is 



The second term is 

-1 



(0) 



{Ik) ■ (to (g) Iff) @ (/iA:i) [> m (g) Z2fe- 



0) 



c^"'(Zi 

-1 



ki g) TO_i) ^2 (^2 ('TlQ g) Iff)) ""^^ 1^ ^ (^1 g) fcl g) m_i) ^2 (^2 l> Too g) ^ 

/ci cgi TO_i) ^2 l> ((^2 l> mo) fca) g) ^3/04 

/Ci TO_i) T [/2((fc2 O m-o) fca)] g) ^3^4 

= cj"-^ (/i g) /ci g) TO_i) cj (^2 g) (A;2 > TOo)_;^ g) ^3) r [(^3 {k2 > too)^) ^4] g) ^4^5 
_ o;^^ (/i (g fci g) to_i) w (^2 (g {k2 > mo)_i g) A;3) 

~ _ UJ~^ {{I3 \> {k2 t> TOo)o)_i g) ^4 ® A:4) (^3 > (fe l> "'-0)0)0 ® ^5^5 

Hence, we obtain 

r cj^i (Zi g)A:i g)TO_i)a; (^2 g> (A:2 > TOo)_i g)A;3) 

(il/Ci M> TO g) i2K2 = 1 //7 /J \ \ 7 J \ n n \ \ 71 

^ ' [ UJ-^ {{h t> {k2 > TOo)o)_i ^ ^4 ^ ki) {I3 > {k2 > TOo)o)o ® 

By applying M eh on both sides, we arrive at (20). Moreover, by (^), we have 1// > to = 
T (to) = TO and 

{hi \> m)_-^ /i2 gi {hi t> to)p = T {him)_^ h2®T {him)^ — t {{hm)f^)_^ {hm)^ g) r ((/ito)^)^^ 
— {hm)_^ g) r {{hm)^) = hiru-i g) r {h2mo) = ftiTO_i g) (/12 > too) . 

We have so proved that G(M) G |^3^2?. Now it is easy to verify that for every g : M ^ N e "'^h^ 



we have that G{g) : A'r°" N 



jcoH ci H 



yv. 



□ 



Proposition 3.8. Let (_ff, to,m, A,e,tj, S*) be a dual quasi-bialgebra with a preantipode. {F,G) is 
an equivalence between |fS[t|f and ^yV, i.e. the morphisms em and rjN of Remark 2.7 are in 
fang and in ^yV respectively, for each M e fOTf ,7V e I^J^P. 

Proof. We already know that Ea/ G ^^h- Let us check that Em is left H-linear. 



£MHM''°"tg,H{h g) TO g) /c) = EM{h ■ (to g) k)) ^ EM[oj{hi g) TO„i (g fci)(/l2 [> TOo g) /l3)fc2] 
£Af rijht Im ^ ^ /ci)eM[(/i2 l> TOo g) hz)]k2 — Uo{hi g) TO_i g) fcl)[(/l2 l> '71o)ft,3]fc2 
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= uj{hi ® TO_i (g) A:i)[r(/i2r7io)/i3]fc2 = (^{hi ® m^i (g) fci)[r(/i2mo)(/i3nT,i)]fc2 
§ ® m_i ® A:l)(/l2"^o)fc2 § hi{m,oki)uj{h2 ®mi® = h{mk) = fiM{H ® £M){h ®m®k). 
Now let us check the compatibihty of with \> . For G ^yT^ ^^^d n E N, 

= (g) n_i g) lH)fJ.[i^(^HyoH{h2 g) (no g) Iff)) = fJ-lNcsHy^i^ ® {n ® 1h)) = r(/i (n g) 1h)) 

T(ft,i > n g) /i2) ® T{{hi l> n g) 1h) /i2) = T{rjN{hi t> n)/i2) ^ > (^2) = l> 

So ?7jv e i3^^?, for each N e g^P. □ 

4. MONOIDAL EQUIVALENCES 

In this section we prove that the equivalence between the categories ^^-^ j^y^ becomes 

monoidal if we equip with the tensor product (S)h (or □//) and unit H. As a by-product we 

produce a monoidal equivalence between {^DJl^, ®h, H) and (|j9Jl||, D^, 7?). 

Lemma 4.1. Let {H,m,u,A,e,uj) be a dual quasi-bialgebra. The category {^DJI^,®h,H) is 
monoidal with respect to the following constraints: 

au,v,w{(,u (Sir v) w) ~ uj^^{u-i ® V-i (E) W-i)uo ®h {vo ®h wo)uj{ui ® vi (^i wi) 
lij{h®Hu) — hu 
ru(u ®H h) = uh 

Proof. See e.g. ]AMS1| , Theorem 1.12]. □ 

Lemma 4.2. Let {H,m,u, A,e,uj) be a dual quasi-bialgebra. Let U G ,V G ^93t^. Then 

{U g) V, , , ji) G ^SDt|| with the following structures: 

Pui^vi'^®^) = M-iW^i g) (mo "X) Wo) 

p\j^y{{u®v)®h) ~ w^-^(u_i g) u_i g) /ii)uo g) wo/i2w(ui g) wi g) /13). 
Proof. It is left to the reader. □ 
Definition 4.3. We recall that a lax monoidal functor 

{F, c^o^h) ■■ {M, g), 1, a, I, r) ^ {M' ,®\ l', a', l\ r') 
between two monoidal categories consists of 

• a functor F : M ^ M' , 

• a natural transformation <j)2iU, V) : F{U) g)' F{V) F{U (g V), with U,V e M, and 

• a natural transformation 0o : 1' -P'(l) such that the diagram 

(30) 

{F{U) ®' F{V)) g)' f (H^ f (^■^)«'^(^) . F(^u ® y) g)' FiW) '^'^^^'^^ : f^((C/ 0^)0 1^) 

'^'f(!7),f|v),f(»') F{au,v,w) 

commutes and the following conditions are satisfied: 

(31) F{lu)o<P2{hU)o{<Po(E>F{U)) = I'p^uy 

(32) F(ra)o02(C/,l)o(F([/)®0o) = 
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The morphisms 'p2iU, V) and 0o are called structure morphisms. 

Colax monoidal functors are defined similarly but with the directions of the structure morphisms 
reversed. A strong monoidal functor or simply a monoidal functor is a lax monoidal functor with 
invertible structure morphisms. 

Lemma 4.4. Let {H, m, u, A, e, w) be a dual quasi-bialgebra. The functor F : — > |f COt|^ defines 
a monoidal functor F : {^yV, (g), k) — > (|^97l|J, i^h, H). For U,V ^ h3^^i the structure morphisms 
are 

^P2{U,V) : F{U)®H F{V) ^ F{U ®V) and ipo ■ H ^ F{k) 
which are defined, for every u U,v € V, h, k ^ H , by 



ip2{U, V)[{u (g) h) ®H [v ® k)] := 
and 



UJ^^ {U-2 (8) /ll ® V-2ki) w{h2 ® V-i ® ^2) 

'^"H(^3 > wo)-2 ®hi® k'i)uj {u-i (g) (/13 1> wo)-i (8) h^ki)) 
{uo 8) (/i3 > vo)o) ® hfik^ 



(po{h) := Ilk ^■ 

Moreo?;er 

(^2(1/, V")"^ {{u (g)v)(E)k) ^ 8) u_i ® /ci) (wo Iff) (wo ^2) • 

Proof. Let us check that ipo is a morphism in j^DJlj!^. Since (/jq = : iJ -> kcgiJ, i.e. the inverse 
of the left unit constraint in ^DJl^ , then ipo is in ^971^ and it is invertible. It is easy to check it 
is i7-bilinear in "M" . 

Let us cons ider now (p2{U, V). 

By Lemma U, for all U,V £ ^yV, the map ^u,f{v) ■ F {U)®hF{V) U®F {V) , is a natural 



isomorphism in ^VJl^. By Lemma 3.5, ajjy '■ U ® F [V] F [U ®V) \b a. natural isomorphism 
in ^9)1^, where U ® F {V) has the structure described in Lemma for M — F (V) . 

Thus aiiy£,jj^p(y) ■ F (U) (g)// F (V) — J- F (?7 (8) is a natural isomorphism in ^^h- ^ direct 
computation shows that ip2{U, V) = a[/,V'^t/.F(v) and hence ^P2{U, V) is a well-defined isomorphism 
in gang. Moreover ^2{U, V)-^ ^ ^u^F(v)^uy fulfills 0. 

In order to check the commutativity of the diagram ( pO[) it suffices to prove the following equality: 

[^^\U,V)®HF{W)]^^\Um,W)F{a^^y,^)=ap\^^^p^y^^p^^^^^^ 

Since these maps are right _ff-linear, it suffices to check this equality on elements of the form 
{u® (v ® w)) ® li/, where u G [/, u G V, w G W . This computation and the ones of ( ^T|) and (|3^ ) 
are straightforward. □ 



We now compute explicitly the braiding induced on gStg through the functor F in Lemma 4.4 
in case F comes out to be an equivalence i.e. when H has a preantipode. 

Lemma 4.5. Let (H,m,u, A,e,Lu, S) be a dual quasi-bialgebra with a preantipode. Through the 
monoidal equivalence {F, G) we have that (gfttg, ®h, H) becomes a pre-braided monoidal category, 
with braiding defined as follows: 

CALwim ®H n) = aj(m_2 ® '''(ri.o)-! ® ni)(m_i O T(ri,o)o ®h mo) ■ 712, 

where M,N e h^h '^'^^ m e M,n e N. 

Proof. First of all, for any U,V £ ^yT>, let us consider the following composition: 

\u^v ■■= { F (U) ®H F (V) ^'^^ F{U ® V) ^^^^^ F{V ® U) ^^'-^""^ F (V) ®h F {U) 



This map is right iJ-linear, so, if we compute 

Xu,v[{u®h) ®H {v ® Ih)] 

U}^^ (m_4 ® hi® w (u_3 ® (/l2 [> wo)-i ® hs)) 

UJ~^ ((W-2 [> {h2 [> ^'o)o)_i ® M-1 ® ^4) ((""-2 > (^2 > «o)o)o ® ®H ® ^5 
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((li-i/ii) O w Ih) <S)h (uq ® h2), 



we obtain 

Xu,v[{u(E)h) (g)H (w® fc)] 
= Xu,v[{u® h) {v ® Ih) ■ k] 

= «_! (g) fci)Ac/,y[[(Mo <8) /12) <8)ff (wo li/)] • k2]uj^^{h3 (g)lH ® fca) 

= (g) U_i (g) fci)Acr,y[[(Mo (H" (E)H (vo ® 1//)] • ^2] 

= v_i (X) fci)At/^-i/[(uo ® /12) (vq ® Iff)] • ^2 

= Uj{u^2hl U_l (X) fcl)[(M_l/l2) [> Wo Iff) ®H- {uq /13)] • fc2. 

Now, using the map Xu,v, we construct the braiding of ^'OJl^ in this way: 



Therefore 



FG{M) ®hFG{N) 



FG{N) ®hFG{M) 



N ®H M. 



(ejv ®H (-m)Xg(m),g(n) {[T{mo) ® mi] ®h [^("0) ® "1]} 
w(T(mo)_2™i ® T{nQ)_i ® ni) 
[tN ®H <^m) {[(T(mo)_iTO2) > T(no)o ® Iff) ®H {T{mo)o » mg)] • 713} 

w(m_2 ® T(7^o)-l ® "1) 
(ew 'S)H eM)[(™-i > r(no)o ® Ih) ®h (T(mo) (8) mi)] • n2 

w(to_2 <8) T(no)-i <8) ni)[(m_i l> r(no)o ®h T{mo)mi] ■ n2 
w(m_2 T(no)-i (8) ni)[(m_i l> r(no)o ®H mo] ■ n2- 



□ 



Next aim is to prove that the equivalence between the categories gajtg and 'j^yV becomes 
monoidal if we equip If with the tensor product Dh and unit H. 

4.6. Let (iJ, m, u, A, e, w) be a dual quasi-bialgebra. Note that, since H is an ordinary coalgebra, we 
have that (^SW^, Oh, H, b, r, I) is a monoidal category with constraints defined, for all L, M, N e 
"m", by 



'JL,M,N 



: (LnHAf)nHA^ ^ LDhIMDhTV) : (/□HTO)njjn lDH{mDHn), 



tm '■ MDhH — > M : mOnh ^ menih), 
Im ■ HUhM — > M : hUnm^ eH{h)m. 

where, for sake of brevity we just wrote mD/fn in place of the more precise m^Onn^ ■ 

W e wan t to endow with a monoidal structure, following the dual version of [HN| (see 

also [ 5ch3 , Definition 3.2]). The definition of the claimed structure is given in such a way that the 
forgetful functor |f 9K|f — > ^VJl^ is a strict monoidal functor. Hence the constraints are induced 
by the ones of ^DJl^ (i.e. bL^M,N,lM and tm), and the tensor product is given by MDhN with 
structures 



PMOHNimOHn) = 

PMnnNi^^Hn) = 

PmOhN [h ® (mDHn)] = 



TO_i ® (moDHn), 
{mDnna) (g) ni, 
h ■ (jTiOHn) = himDHh2n, 
(mOHn) ■ h = mhi\I\Hnh2. 



PmOhN [{mUHn) ® h] 
The unit of the category is H endowed with the following structures 

P^h{^) = hi®h2, P/f(/i) = ^1 <8> ^2, 
h ■ I — hi, I ■ h = Ih. 
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The following result is similar to 2) in Lemma 3.4. 

Lemma 4.7. Let {H,m,u, A,e,uj) be a dual quasi-bialgebra. For all V E ^yT^ and M £ ^DJl^, 
the map 

PvM ■■ F{V)UhM — >V ®M -.{v® h)UHm H> ve{h) ® m 



is a natural isomorphism in ^'OJl^ where V (E> M has the structures as in Lemma 3.4- The inverse 
of l3v,M is given by 

PvM - V ®M ^ {V ® H)UhM 

Proof. The proof is straightforward and is based on the fact that [v ® h) □//m E {V (E> H)OhM 
implies 

(33) {v ® h) (Sim = {ve {h) m_i) mo. 

□ 



Lemma 4.8. (cf. [ pch3| , Proposition 3.6]J Let {H, m,u, A,e,uj) be a dual quasi-bialgebra. The 
functor F : %yV ^ defines a monoidal functor F : {^yV,®,k) , D^, For 

U,V E ^yV, the structure morphisms are 

^2{U,V) : F{U)UhF{V) ^ F{U ®V) and ■ H ^ F{k) 

which are defined, for every u E U,v E V, h, k E H , by 

(34) ip2{U, V)[{u 'g)h)®){v(g) k)] w(u_i ® v^i ki)uoe{h) ^2 



ipo{h) := Ik <8) h. 

Moreover 

(35) ij2{U, {{u (E)v)(E)h) ^ uj^^{u^i ® v^2 <E> hi){uo (g) V-ih2) {vq (E) ft-a)- 



Proof. Since ipo — 'Po a-s in Lemma 4.4, we already know that ipo is an isomorphism in |^9H|^. 
Let us deal with ip2{U, V). By Lemniap^ the map au,v : U ® F {V) F {U ®V) is a natural 
isomorphis m in ^DJl^, where U ®F (V) has the structure described in Lemma 3.4 for AI — F {V) . 
By Lemma (iu,F{y) = P ■ F{U)UhF{V) — > U ® F{V) is a natural isomorphism in |faHg, 
where U ® F {V) has the structure described in Lemma for M = F {V) . Hence it makes sense 
to consider the composition tp2{U,V) := auy ° liu,v®H- Then ^2{U,V) fulfills (34). It is clear 
that ■02 (C^, V) : F{U)\3hF{V) F {U ®V) \s & natural isomorphism in with inverse given 

by ^2{U, V)-^ ~ Pu!v®H ° "a.V- Moreover 02(f/, V)-^ satisfies (||). 

In order to check the commutativity of the diagram ( pO[ ) it suffices to prove the following equality: 

(V'2(C/, V)-^ (E> F{W))MU <E> V, Wy^F{a^\.^y)[{u (g) {v (E> w)) (E> h] 

= bFlu),F(v).F(w) i^iu) ® Mv, w)-']Mu, V ® wy'[{u ®{v® w)) ® h]. 



By right 7f-linearity, it suffices to check the displayed equality for h 
and of (^ and ( ^ ) is straightforward. 



1h- The proof of this fact 

□ 



If H has a preantipode, the functor F of Lemma 4.8 is an equivalence. As a consequence, its 
adjoint G is monoidal too. For future reference we include here its explicit monoidal structure. 

Lemma 4.9. Let (H,m,u, A,e,uj, S) be a dual quasi-bialgebra with a preantipode. The right ad- 
joint G : ^Oyi^ — )■ of the functor F, defines a monoidal functor G : (|^9Jl|J, D^, ) — > 
{^yV, (E>, k). For AI, N G j structure morphisms are 

i^fiM, N) : G{M) ® G{N) G{MUhN) and t/-^ : k ^ G{H) 



G{MUhN) 

which are defined, for every m £ M. n E N,k E H, by 



ip2{M, N) {m®n) — mri-iD/f rip 
Moreover, for all m E M, n E N, 



and 



V'o^(fc) := fcl 



H- 



T (m) eg) T (n) . 
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Proof. Apply |AMS2, Proposition 1.4] to the functor F. Then G is monoidal with structure 
morphisms 



G 



G [euUHeM) o G {MGM, GN)'^) o t]gm(^gn, 



A direct computation shows that they are the desired maps. 
The inverse of ipf (M, TV) can be computed by 

V'2°(M, N)-^ := Vgm^gn ° G {MGM, GN)) o G (e^/D^e^/; 



Remark 4.10. Consider the composition 

K = k{U, V) := V)-^ o (p2(f/, V):iU(g> H) ®h (V ® H) {U ® H)Dh{V ® H). 

We have 

k{U, V) [{u (g) h) ®H {v ® k)] 
= MU,Vr^'f2{U,V)[{uC$h)^H{v^k)] 

uj^^ (m_2 'S' hi® 1^-2^1) w(/i2 ^ w_i O A:2) 
'^^HCis > ''^o)-2 (S)h4® ^3)0; (u_i (g) (/13 1> Wo)-i g) ^15^4)) 
V'2(?7,V')"M(wo«'(/i3 C> vo)o) «) (/lefcs)] 

(U-2 lg> /ll ® W-2fcl) w(ft2 g) ® ^2) 

W^-^((/l3 t> Vo)-2 fg) ^4 g) fcs)^ (g) (/13 [> Wo)-l /l5fc4)) 

w"1(mo-i (/13 > wo)o-2 I?) {hQkz)i) 
(uoo g) (/i3 > wo)o-i(^6fc5)2)nff((/i3 > t^o)oo » {hek^j^) 

u}^^ (m_3 (g) /ii ® w_2fci) a;(/i2 ® I'-i "Xi fc2) 

'^~H('l3 l> Wo)-4 g) /14 "X* fc3)w(M-2 (/13 > Vo)-3 ^ /l5fc4) 

a;"i(?i_i g) (/13 > i;o)-2 hQkz){uo g) (/13 > uo)-i(/i7fc6))nH((^3 > «o)o /isfc?) 

CJ^^ g) /li g) W-2fcl) w(/i2 "X) W-1 g) ^2) 

cj"^((/i3 t> uo)-2 ®hi® k^) 
(mo g) (/13 > ■L'o)-i(/i5fc4))nff ((/13 l> wo)o «) /lefcs) 

g) /li g) W_2fcl) w(/i2 "X) W-1 g) ^2) 
(UO g) ((/l3 l> -yo)-2^4)fc3)) 

^^^{{h^ t> wo)-i g) ^5 » fc4)nH((^3 l> wo)o ® ^6^5) 

w^-^ g) /ll g) t;_2fcl) w(/l2 g) W_l g) ^2) 



□ 



(^22^) 



(^25^) 



so that 



(uo g> ((/13 l> wo)-i/i4)fc3))nff((^3 > wo)o h^) ■ ki) 

UJ^^ g) /li g) U-sfci) Cj(/l2 g) W_2 g) ^2) 

(UO g) ((/l3W-l)fc3))n//((/l4 O Wo) g> /15) • ^4) 

uj^^ g) fti g) 'y_3fci) 

(mO g) (/l2(W-2fc2)) 
w(/l3 g) W_i g) fc3)n//((/l4 > Vo) g) /is) ■ ^4) 

CJ"-^ g) /li g) W-2fcl) (wo g) (/l2(W-lfc2))n_H-(/l3 • ("0 ® ks)) 

{uo g) hi) ■ {v-iki)aHh3 ■ {vo g) fc3) 

(u g) /i)o • (w g) k)^iDHiu g) /i)i • (w g) fc)o. 



k((7, V) [(m g) /i) g)// (w g) k)] = (m g) /i)o • (w g) fc)_in//(u g) /i)i • {v g) fc)o. 
Thus, for M,N e fOJlf „ using that the counit 6 is in ^^Jl^, one gets 

[(eA/nnejv) o K(Af"°^,iV™^) o (e^/ gSj^ e^^)] (m (g>H n) = mon^iDffmino. 
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We can also compute k{U, V) ^ ^2(1^, V) ^ o ^p2{U, V). We have: 

k{U, Vy^{{u (K) h)nH{v ® k)) = {ue{h) ®Ih)®h{v® k). 

We are now able to pr ovide a monoidal equivalence between (|^9Jl|^, (i)H, H) and (|JS[Jl|J, D^, H). 
This result is similar to | Sch2| , Corollary 6.1]. 

Lemma 4.11. Let {H^m^u, A,e,uj, S) be a dual quasi-hialgebra with a preantipode. The identity 
functor on g9Jtg defines a monoidal functor E : (gWtg, H) -> (f SOtlf , D^, H). For M, N £ 
the structure morphisms are 

^M, N) : E{M)UhE{V) E{M N) and do ■ H ^ E{H) = H 

which are defined, for every m £ M, n €z N,h d H , by 

■d2{M,N){mUHn) := T{m) ®h n and do{h) := h. 

Moreover 

(36) ■d2{M , N)^^ [m ® H n) ~ mon^iDHinino, 

(37) MFU,FV) = ^2{U,V)-^ o^/j2{U,V). 

Proof. Using the map k of Remark 4.10| , for each M, N £ ^VJl^, we set 

MM,N) {em ®h eN) o k{M-°" , N^"")"^ o (e^/n^e^i) . 



Clearly, by Remark 4.10, ■d2{M,N) ^ fulfills (pq). Moreover, using (g), one gets 

■d2iM,N){mDHn) ^ T{m) ®Hn. 

It is straightforward to check that 1^2^^ makes commutative the diagram @l and that (|l|) and 
(H) hold. Let us check that (||) holds: 

d2{FU, FV) = [epu ®H epv) o ^(Gi^f/, GFVr^ o (e^^Dne^l.) 
= {epu ®H epv) o MGFU, GFVy' o MGFU, GFV) o (e^^D^e^^) 
(epu ®H epv) o V2{GFU, GFV)-^ o F {rju ® w) 
F ivu' ® Vv^) ° MGFU, GFV) o (e^^Dne^^) 



{epu ®H epv) ° {Frju (E) Ft]v) o ip2{U,V) ^ 



f2iU,Vr^oi;2iU,V). 



□ 



The following result is similar to pch3| . Proposition 3.11]. 

Corollary 4.12. Let {H,m,u, A,e,uj) be a dual quasi-bialgebra. The identity functor on |j9Jt|J 
defines a monoidal functor E : {^Wl^,Djj,H) {^'^^ , ® h , H) . ForM,N e h^H' structure 
morphisms are 

72 (M, N) : S(M) (g,H E{V) EiMDnN) and : H E{H) 

which are defined by ^2{M,N) := 1)2^ {M,N) and 70 :— i9q^ using Lemma ^.11. 



□ 



Proof It follows by |AMS2| , Proposition 1.4]. 

Next, we include a technical result that will be used in section |[ 

Lemma 4.13. Let {A4,(E),1) be a monoidal category which is abelian. 

(1) Let A be an algebra in A4. Assume that the tensor functors are additive and right exact 
(see [AMSl, Theorem 1.12]j. Then the forgetful functor 

D : (aMa , <E>A, A) {M, ®, 1) 
is a lax monoidal functor with structure morphisms 

C2{M,N) : D{M)®D{N) ^ D{M ®aN) and C,^ : 1 D{A), 
where C2 is the canonical epimorphism and Co is the unity of A. 
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(2) Let C be a coalgebra in Ai. Assume that the tensor functors are additive and left exact. 
Then the forgetful functor 

is a colax monoidal functor with structure morphisms 

C2{M,N) : D{MDcN) -> D{M) (g) D{N) and Co : D{C) ^ 1, 
where C2 the canonical monomorphism and Co 'is the counit of C. 
Proof 1) From |AMSl| , 1.11], for all M,N,S e aMa, we deduce 

D (^a^AT^s) ° C2(M ®A N, S) o [C2(M, N) <g> D (5)] 
= C2(M, N®aS)o [D [M) ® C2{N, S)] o aM,N,s. 
Moreover, for all M G a-Ma, we have 

D {^Ifi) o C2{A, M) o [Co ®D{M)] = ^4oC2(AM)°(Co®M) 

= /i^j o (UA ® M) = /Af. 

Similarly D {"^rf^) o C2(Af, A) o [D (M) Co] = ''a/- We have so proved that D is a lax monoidal 
functor. 

2) It follows by dual arguments. 

5. The main results: bosonization 



□ 



5.1. Let H he a Hopf algebra, let A be a bialgebra and let a : H ^ A and ir : A ^ H he morphisms 
of bialgebras such that na = Ih- In this case A is called a bialgebra with projection onto H and 
A e through 

p'-(a) — 7r(ai) 02, 
lJ{h iSi a) = a{h)a. 



p^{a) = fli (g) 7r(a2), 
^^{a ®h)= aa{h), 



Define now the map t : A ^ A : a 1 — > aiaS{a2). It can be proved that Imr = A'^°^ =: R and, 
when H is the coradical of A, that R is connected. Indeed it is well-known that R becomes a 
connected bialgebra in the pre-braided monoidal category of Yetter-Drinfeld modules over 

H (cf. Jg3). 

Now, from the fact that {F, G) is an equivalence we know that : R®H A is an isomorphism. 
Conversely, it can be proved that, given a Hopf algebra H and a braided bialgebra R in ^yD, 
we can endow R (g) H wit h a bialgebra structure and define two bialgebras morphisms a and tt 
such that TTCT = Idu, see ([Ra]). This bialgebra is called Radford- Majid Bosonization (or Radford 
biproduct) and permits to classify different kinds of bialgebras as "compositions" (crossed product) 
of different objects in the same category. 

The main aim of this section is to extend the results above to the setting of dual quasi-bialgebras. 

Theorem 5.2. Let (H,mH,UH, ^Hi^h^^h) be a dual quasi-bialgebra. 

Let {R, iJu, pn, Aji,eii,niu,uii) be a bialgebra in and use the following notations 



ht>r 
r -rs 

r^ (g) r^ 

Let us consider on B := F {R) = 
TUBiir h) (g) {s (g) k)] = 



r-i g) ro pR (r) , 
1_R uji (Ik) , 



^ fiR{hg)r) , 
= m/j (r g) s) , 
= An (r) . 

R® H the following structures: 

uj]j^{r^2 g) /ii g) 5-2^1 )u;_f/(/i2 g) s_i g) ^2) 

^H^[{h3 t> So)-2 g) /14 ® k3]u}H{r-l g) (/13 > So)-l 

ro -R (^3 t> so)o <S) hek^ 
klR ® Ih 



h^k 



\B(r®h) = uJH{r\^®r'i2®hi)rl®r\h2®rl 
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eB{r®h) = eR{r)eH{h) 
ujsiir (E) h) (g) {s (g) k) (g) {t (g) I)) = eR,{r)eR{s)eR{t)uJH{h g) k (g I). 
Then {B, /S.b,£b,^BiUb,'^b) is a dual quasi-bialgebra. 



Proof. Recall that, by Lemma 4.4, the functor F : — > defines a monoidal functor 

F : {^yV, (g), k) {^DJ l^, ®H, H) where, for U,V G ^yD, the structure morphisms are given by 
(p2{U, V), ipQ. By [ AMS2 , Proposition 4.5], we have that {B, m'g, u'^) is an algebra in {^DJl^, ^h, H) 
where 



F {itir) o(p2{R,R), u'g := F (ur) o ifQ. 



Explicitly we have 

m'g {{r (g h) (gn {s g) k)) 



{r-2®hi(gS-2ki)ujH{h2®S-.ig)k2) 

^H^{{f^3 1> So)-2 ® /l4 <8) k3)u}H (g (/13 > So)-l ® /l5fc4)) 

''o -i?. (^3 > so)o g> hek5 

= mB[{r g) h) (g {s g) k)], 

^'b W = (Ik) ® h — Ir ® h. 
Since m'g is associative in 0//, -ff), we have that 

m'g o [m'g g)H B) ^ m'g o {B (gu m'g) o aB,B,B 



(i) 
(i) 



where aB.B,B is the one defined in Lemma 4.4. Let tt : _B — > _ff be defined by tt (r (x) h) :— sr (r) h. 
Then 

(38) Wff (tt (g) TT (g) tt) = W_B. 
One easily gets that 

(39) TT (a;i) (g X2® 'k (xa) = x^i a;o ® for all x £ B. 
Let x,y, z £ _B, then 

m's (mQ ®H B) {{x ®H y) ®H z) = ms [ms ® B) {{x ® y) g) z) 

and 

(B (g)_f/ m'g) aB.B,B {{x ®H v) g>H z) 
= uj]f^ (a;_i g) y_i (g) to^ {B g)H m'g) {xq (gn {yo ®h zq)) ujh {xi g)yi® zi) 
ujj^^ (x_i g) y-i g) z_i) TUB (B g) ttib) [xq g) (yo ^ zq)) ^^h {xi ®yi® zi) 

uj^ (tt (xi) (g) TT (yi) g) TT (zi)) rtiB {B g) tjib) {x2 g) (2/2 ® Z2)) UJH (tt (xs) g) TT (2/3) g) TT (2:3)) 

w_B^ (xi g) yi g) zi) m_B (S g) tub) {x2 g> (2/2 Z2)) i^s (2:3 (8) ys ® Z3) 
= [uj]^^ * [rriB {B gimB)] * lob] {{x ® y) g) z) 

so that niB [tub ® B) = tOg^ * [niB {B (g niB)] * lob- 

Since m'^ is unitary in {^^K^, g)H, H), we have that m'g {u'^ g)^f _B) ~ Ib- From this equality, 
we get niB {ub ® B) = Is- Similarly tub {B g) ub) = tb- Let us recall that, by Lemma [4.8[ , the 
functor F : f ^2? ^ defines a monoidal functor F : (gyP , g), k) ^ (gOJlg, D^, i?) , with 

structure morphisms ip2{U,V),i}Q, with U,V G ^y^- By AMS2 , Proposition 4.5], we have that 
(B, As, Eb) is a coalgebra in (g93tg, Dh, H) where 

As := ^2(ii', o (Afl) , SB ' ° (efl.) ■ 

Explicitly we have 

Aij(r-g)/i) = V'2(i?,i?)"^ ((r^ g)r2) g)/i) 

= w"^(r-ii g) /ii)(7-o "X) r'i-^h2)UH{rl g) /13) 

= AB(rg)/i), 

and 

SB irg)h)^ ^ (efl (r) ®h)=eR (r) /i. 
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From the fact that {^B, AbjEb) is a coalgebra in {^D)1^,Dh,H) one easily gets that (i?, Ab,£b) 
is an ordinary coalgebra. 

It is straightforward to prove that tt is multiplicative, comultiplicative, counitary and unitary 

i.e. 

(40) Trms = m/f- (tt ® tt) , (tt (g) tt) As A/fTr, = Ehtt, ■kub = uh- 

Using these equalities plus (|38|), one easily gets that the cocycle and unitary conditions for ujb 
follow from the ones of ujh ■ 

Now we want to prove that ruB is a morphism of coalgebras. It is counitary as 

(kd) (kol) (kol) 

Ebtub ^ Ehtttob - enmH (tt (g) tt) = (eh <8) Eh) (tt tt) ^ mk (es (8) es) ■ 

Hence we just have to prove that 

AbUt (E)h)-B{s(E)k)]^{r(g) h)i ■ b {s (E> k) i (g) {r (g) h)2 -s (s fc)2, 

where x -b y ■= ms {x ® y) and xi ® X2 '■— A^ (x) , for all x,y €z B. Equivalently we will prove 
that 

^BmB = {ms ® ms) Ab®b- 
Since ^ pre-braided monoidal category and {R, Ab,,sr) is a coalgebra in this category, 

then we can define two morphisms An^n and er^u in such that (i? (g) _R, Ar^ji, er^r) is a 

coalgebra in ^yD too. We have: 

AR(g,R : = a^,fl„_R®_R. o 8) ur^r^r) o (i? ® (ci?,_R (g) i?)) o (i? (g) a]^^jj j{) o aR^R^R^^R o (Afl g) Aij), 
Explicitly we obtain 

' W-l(r?_2 (g) r?^5 (g) sl_2S-4)^(''-4 ® S-1 ® S-s) 

(41) AR^R{r®s) ^riiS5(r^3t>4)_i®r^s^) 

[ri g) (r^ 3 > si)o] ® (rg g) s^) 
£R<^Rir<S)s) : = £_r, (r) (s) . 
Consider the canonical maps 

iMM ■■ MUhN M ® N and xm,n ■ M ® N ^ M N, 
for all Af, G fSDtf . Set 



A_rTO_r 

(mfl g) to_r) Aijgjj 
We have 



= jF(R.),F{R) ° V'2 (i?, R) ^ oF (ARniR) o (^2 (i?, i?) o Xf(R.),F{R), 
= jF{R),F{R) ° V'2 (i?, i?)"^ o F (Ar) , 

= F {niR) o {R,R)oxf{r),f{R), 

= jF{R),F{R) ° V'2 (i?, Ry^ o ((to/J g) niR) Ar^r) o ip2 {R, R) o Xf{R),F(R)- 



Artur = 3f(r),f(r)°'4'2{R,R) ^ oF{AR)oF{mR)o(p2{R,R)oxF(R),F{R) 
= A^Romg. 

Moreover 

A-R = jF(R),F{R) ° Ab = Ab, 

mR = m's o xf(R),f{r) = ms, 
so that, since iniR g) mij) Ar!^r = Aruir, we obtain 

(42) {mR'S)mR) Ar(^r = ARmR = ABmB- 
It remains to prove that 

(43) {mR®mR)AR,^R = {mB®mB)AB®B- 
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First, one checks that {■mB®rnB)^B®B is iJ-balanced. Hence there is a unique map C, 
B ®H B ^ B ® B such that 



C ° Xf(r),f{r) = {mB ® TriB) A 



Our aim is to prove that (43) holds i.e. that 

jF{R),F{R) o^p2{R,Ry^ °F {{mR ® ma) Aj^^ij) o ip2 (i?, R) o xf(r),f(R) = C ° Xf{r),f(r) ■ 
Since X-F(-R),-F(-R) is an epimorphism, the latter displayed equality is equivalent to 

(44) jF{R),F{R) ° (R, Ry^ o F {{niB. ® uir) Ar^b) = C ° <^2 (R: Ry^ ■ 
Now 

C{x®Hy) = C°XF{R),F{R){x®y) ^ {mB®mB)AB(g,B{x®y) 

= Xl-BVl®X2-By2- 

One proves that C (x ®h y) £ BDhB. Then there is a unique map : B (®h B — > BDhB such 
that jF{R).F(R) ° C = C- Hence is equivalent to 

jF{n),F{R) ° ^2 (-R, -R)^^ o ((mfl mi?) Aii®_R) = jF(R),F{R) o C' ° <yf 2 (i?, -R)~^ 

i.e. to 

(45) ((mii mi?) A^^^ij) = ^/>2 (R, R) o C o {R, -R)"' ■ 
By construction 

C' (a; ®>H y) = xi -B yiUHX2 -b 2/2- 
It is straightforward to prove that C,' is right _ff-linear. Thus it suffices to check that (|4^) holds 
on elements of the form {r ® s) ®\h- Thus, ioi r, s ^ R, h ^ H 

^2 {R, -R) o C' o ip2 {R, Ry^] {{r ®s)(g>lH) 
= ip2 (i?, R) [{r ® 1h)i -b (s ® Ih)i Oh (r (g, Ih)2 -b (s ® 1^)2] 
= V2 {R, R) [{y 8) y-i) -B (s^ ® s^i) ® (r^ ® Ih) -b (4 ® Iff)] 
= V2 (i?, i?) [(?-^ » -B (s^ ® s-i) ® (r-o So «> Iff)] 

-H^((-^)-2 « ® (^^)-2 (^^)lW((-^)2 ® « (■^^)2) 

-^^[(K,)3>(.l)„)-2 0Kl),®(.^) 



-h((.^)_,0(KO3^(^^)o)-1® (--1)5(^^)4) 

^2 {R,R) [{r')o-Ri{r^-i)3 > (si)o)o® (r-2i)g(s2_^)^g5(r2.^s2®lH)] 

c.,,\(ri)_, ® {y,)^ 8 (,s2_0iW((ri02 « ® (^^)2) 

a.,,M((r^)3t>(,si)„)_2®(r^i)4®(.^) 



coB{{r^)_,®{{y,),t>{s^),y,®{y,)^{sy)^) 

[ir')o-niir'-^),>is')„h^irl-R4®lB)] 



^h\^-2 



r_5 s_2S_4)i:j_ff (r_4 ® sL^ (g) s_3) 

w/i-(r^;^ (r^3 [> sj)_i ® r^^s^ J 
^0 -R (^-3 ^ So)o {rl -R 4 ® Iff)] 
[{mji ® TOi^) Ai?®_R (r ® s)] ® Ih 
F {{niR ® my Ant^y ((r ® s) ® Ih) ■ 



Hence we have proved that ( [45| ) holds and hence (43) is fulfilled. Thus, from ([42[), we can conclude 
that is a coalgebra morphism. Finally, it is easy to prove that Ms is a coalgebra map. □ 



Definition 5.3. With hypotheses and notations as in Theorem 5.2, the bialgebra B will be called 
the bosonization of R by H and denoted by R^H. 
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Definition 5.4. Let {H,m,u, A,e,uj) and {A,mA,UA, AajEAj^j^a) be dual quasi-bialgebras, and 
suppose there exist morphisms of dual quasi-bialgebras 

a : H ^ A and tt : A ^ H 

such that TTa = Idn- Then ct, tt) is called a dual quasi-bialgebra with a projection onto H. 



Proposition 5.5. Keep the hypotheses and notations of Theorem 5J. Then {R^H,H,a,n) is a 
dual quasi-bialgebra with projection onto H where 

(7 : H ^ R#H, cr (h) := Ini^h, tt : R^^H H,n (r^fh) := Sr (r) h. 

Proof. The proof that cr is a morphism of dual quasi-bialgebras is straightforward. 

The map tt is a morphism of dual quasi-bialgebras in view of (|3^) and (^o|). Finally, we have 
Tra{h)=Tr{lR#h) = eR{lR)h^h. □ 

Next aim is to characterize dual quasi-bialgebras with a projection onto a dual quasi-bialgebra 
with a preantipode as bosonizations. 

Lemma 5.6. Let (A,mA,UA, Aai^AtI^a) o,nd {H,mH,UH,AH,SH,'^H) be dual quasi-bialgebras 
such that (A, H, ct, tt) is a dual quasi-bialgebra with a projection onto H . Then A is an object in 
gatg through 

p^(a) = ai ® 7r(a2), p^(a) = 7r(ai) ® a2, 

^^(a <Si h) = aa{h), ^\ {h® a) = a (h) a. 

Proof. It is straightforward. □ 

Theorem 5.7. Let toa, ua, Aa, £yi, i^a) and (H,mH,UH,AH,SH,'-^H) be dual quasi-bialgebras 
such that (A, H,a,Tr) is a dual quasi-bialgebra with projection onto H. Assume that H has a 
preantipode S. For all a.b ^ A, we set ai ®a2 '■= A a (a) o,nd ab = tua {a®h). Then, for all a ^ A 
we have 

T{a) := ijJA[ai ® aS-K{a^)i ® a4\a2crSn{az)2 
and R := G{A) is a bialgebra {{R, fiR, pr) ,mR,UR, AR,eR,ujR) in where, for all r,s € 

i?, /i G i?, fc G k, we have 

h \> r :— fiR {h ® r) :— t [a (h) r] , r„i ® :— Pr (r) :— n (ri) ® r2, 
niR {r ® s) :— rs, ur (fc) := klA, 
(g) := Ar (r) t (ri) (g) r (r2) , Sr (r) ea (r) . 
Moreover there is a dual quasi-bialgebra isomorphism tA ■ Liff^H A given by 
tA (r®h)^ ra (h) , e^^ (a) = t (oi) (g) tt (02) ■ 

Proof. We have 

Pa ^ 02 = ai ® 7i'(a2) (g) 03 = ai p\{a2) 
so that Aa (a) e AHhA for all a & A. Let Aa ■ A — > ADrA be the corestriction of Aa to ADhA. 
Using that ujh = ijJa (tt Cg) tt Cg) tt) , we obtain 

o (A ® p'-^) o "a" fj j^ = m.AO (^^ ® A) . 

Denote by xx,y : X i^Y —i' X ®h Y the canonical projection, for all X, Y objects in ^DJl^. 

Since {A A, xa,a) is the coequahzer of ((A /x^) ^ jj ^, (/i^ A)) , we get that mA quo- 
tient to a map : A (E>h A ^ A such that o = wa- Consider the canonical map 
??2(M, A^) : MDi/A^ ^ M ®H N of Lemma [4.1l| defined by 'd2{M, N){mUHn) := r(m) 0// n and 
let := o i?2(^, Then 

niA {o!OiHb) ~ m'j^ {'^{o) ®h b) = T{a)b. 

Note that, by Lemma ^.12 , the map t : A ^ j^coH -g (defined, for all a £ A, by 

T(a) = ujH[a-i ($1 S{ai)i (gi a2]aoS{ai)2 
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= cjH[7r (ai) ® STT{a3)i ® tt {a4)]a2a [S'7r(a3)2] 

= w/f [tt (ai) ® TTcr [S'7r(a3)i] (Xi tt (a4)]a20- [S'7r(a3)2] 

= ^^[ai ® c [<S'7r(a3)i] a4]a2cr [S'7r(a3)2] 

= ^^[ai (g) crS'7r(a3)i ® a4]a2(TS'7r(a3)2. 

It is straightforward to prove that (A, A^, := tt) is a coalgebra in (|^93t|J, Dh, H). 
One checks that [A, m^, cr) is an algebra in (|^9}l|^, H). 

Now, by applying |AMS2, Proposition 1.5] to the monoidal functor E : {^^Xfl^,i^H,H) — >■ 
(h^h^ Dj:^, i?) of Lemma 4.11 we have that [E (A) ,mE(A),'U'E{A}) is an algebra in {^DJl^,Dj^, H) 
where 

'mE(A)= E{m'ji^)o'd2{A,A) and ue(a) = E {a) o i)^. 
It is clear that [E [A) ,mE(A)iUE{A)) = {A,7fiA,UA = cr). Thus [A^rfiA,UA) is an algebra in 

Now, we apply [|AMS2i Proposition 1.5] to the functor G : f 97l|f ^ of Lemma IJ. Set 

R .= G (A) = A'^°^ . Then i? is both an algebra and a coalgebra in through 

■niR ■■ =G(mA)oip^{A,A), ur -.^ G (ua) o iI^q , 

: =i^^iA,A)-'oG{AA), er -.^ {^^Y' o G {sa) ■ 

Explicitly, for all r, s £ i?, fc G k 

niR [r ® s) = T (rs_i) sq — "tsh (s-i) so — rs, 

ur (fc) = G {ua) ipa (fc) = UA (kin) = fca (1//) = fclA, 
Ar (r) = T (ri) (g)T (r2) , 

Ei? (r) = (V'?)"' G (ea) (r) = (^?)"' vr (r) = ^ (r) = ea (ri) tt (r2) = ea (ro) ri = ea {r) Ih- 
We will use the following notations for all r,s & R, 

r -rs -.^ triR (r (g) s) , 1r := ur (Ik) . 



Now, by [AMS2, Corollary 1.7], we have that eA ■ EG (A) — A is an algebra and a coalgebra 
isomorphism in {^DJl^ , O , H) . Let us write the algebra and coalgebra structure of EG (A) = 
R® H. By construction ([AMS2, Proposition 1.5]), we have 

rfiFi^R) : =E{mR)o,p2{R,R):E{R)aHE{R)^E{R), 

uf{r) ■■ = F {ur) o^o: H ^ E{R), 

Ar^r) : ^MR,Ry'°F{AR):F{R)^E{R)DHE{R), 
Ef^r) : ^i;^'oEiER,):E{R)^H. 

Explicitly we have 

rnF{R) {{r ® h) Dh (s (g) fc)) = w(r_i g) s_i ki)roE{h) -r sq fc2, 

"F(i?,) (h) = F {ur) ipa (h) = Ifl. (g) /i, 
'^F(R) (r ® /i) = w"^(rii g) r\ (g /ii)(rji (g r?^i/i2)nff (rg g) /la), 
£i.(fl) (r (g /(,) = ^(^^i^ (£fl) (r g) /i) = iZ-g-i (£fl (r) g) /i) = £« (r) /i. 



In view of L6, the forgetful functor (|j93t|J, D^, H)^{^Vyt^ , D^, iJ) is a strict monoidal functor. 
Being : {E (R) , Af{r),£f(r)) {A,Aa,£a — t^) a coalgebra morphism in (|^fH|J, D/f, ff), we 
havethate^ : [E (R) , Ae(r),£f(r)) (^: Aa,ea = tt) is a coalgebra morphism in (-^OT^, D^, if). 
Apply Lemma |4.13| to the case {M, g), 1) = (93t, (g, k) and C ^ H. Let jx,Y ■ XDhY X (g)Y 
be the canonical map. Then : (F (R) ,jF(R),F{R) ° ^f(r),£h °£f{r}) {A,jA,A°AA,EH°£A) 
is a coalgebra morphism in (9Jt, g), k). In other words it is an ordinary coalgebra morphism. Note 

that {A,jA,AoAA,£HO£A) = {A,Aa,Ea)- Set {Af(R),£f{R)) := {jF{R),F{R) ° Af(R),Eh o£f(r))- 

Let us compute explicitly these maps. We have 

^FiR) ir'S>h) = {jF{R).F{R) °^FiR)) (r g) /i) = w"i(rii g)r^2 ® ft.i)(ro g)r^^/i2) g) (r^ (g /ia), 
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£F(R){r(»h) = {eh o£f(r)) (r-S) h) = eR{r)eH (h) . 

Thus eA '■ {F (i?) , Ap(^fi) , £f{R)) ^ {A, A^, ea) is an ordinary coalgebra morphism. 

Being eA '■ {F (R) ,rn p(ii), up(f;)) {A,rrTA,UA = o-) an algebra morphism in {^dJl^ , O ^ , H) , 



then, in view of Lemma 4.11 



eA ■■ (F(i?),S(mj.(;j)) o72(^ (i?) , (i?)), S (m^ (^)) o 70) ^ (A, S (m^) o 72(A, A), S (U^) o 70) 
is an algebra morphism in {^dJfl^, H). Note that 

S(toa) o72(A^) ^ ruA o i^^\A, A) = rriA, 

S (uyi) o 70 = MA = o- 

so that 

(A, S(toa) o72(A, 070) = (A, m^,CT) . 



Set 



F(fl)' "_F(_R,) 



so that 



: (S imp(p.)) o 72(i^ (i?) , (i?)), S (uF(i?)) ° 70) • We have 

''^'f(r) ((^ ® ^) ®-fi" ^)) 
= [S (mF(i?)) o 72(F (i?) , ^ (i?))] ((r ® h) ®h {s ® k)) 
= rnp(^]i) [{r h)^ (s €3 0// (r ® /i)^ (s ® fc)^] 
= "i_F(fl) [('' (8) hi) (s^iki) ®H h2 (so (g) fe)] 

= cj"^ [r_i (g) ft-i (g) s_2fci] mF(i?,) [ro (g (5-1^2)] ®ff /13 (so g) ^3)] 

[r_i g) /ii g) s-sfci] a;(ft,3 (g s_i g) fc3)w^-^((ft.4 > so)-i g) (g fc4) 

"lF(i?,) N g) [^2 (s-2fe)] g)H [(^4 > So)o g) ^6^5] 

uj^^ [r_2 g) /ii gi s-sfci] U}{h3 g) s_i gD fc3)a;~-^((ft.4 > so)-2 g) (g ^4) 
w(r_i g) (/i4 [> so)_i (g hek^yoSH [h2 (5-2^2)] -r {hi \> so)o g) ^7^6 

w^"^ [r-2 ®hi® S_2fcl] to{h2 g) S-i g) fc2) 
t^~"^((^3 l> so)^2 g) /14 g> A:3)w(r_i g) (/13 > So)-i g) ^.5^4) 
'^0 -R {hz l> so)o g) Kk^ 



"nT-'piR.) ^) ®H (s g) /c)) 

[r_2 gi /ii g) 5-2^:1] a;(ft,2 g) S-i <g ^2) 
a;~^((/i3 > so)_2 g) /14 ® fc3)w(r_i g) (^,3 \> so)-i ® ^5^4) 

?'0 -R {h3 > So)o g) ^16^5 



Moreover 



■"F(fl) (M = o 7o] (^) = uf{r) (h) = 1r g) h. 

Apply Lemma |4.13| to the case {M,®, 1) = {^M^ , g), k) and A = H. Then 

eA : (-F" (R) , m'pi^j^^ o XF(i?7F(fl) , '"F(fl) ° "h) ^ (A m'A o XA,A, cr o u„) 

is an algebra homomorphism in (^Cfl^, g), k). Note that {A,m'y^ o xa.a,o' ° uh) = (A, TiAjWA) 
Moreover, if we set (TOF(i?), '"F(fl)) := ° XF(i?,),F(fl), "F(fl) ° '"^^)' '^'^ S'^* 

'7^F(_R) (('' g> /l) g) (s g> fc)) 

uj^^ [r_2 g) /ii g) 5-2^1] w(/i2 g) S_l g> fc2) 
t^^He^S O So)-2 g> ^4 g) fc3)w(r_i g) (/13 O So)-l g) /l5fc4) 

ro -R {hs t> so)o g) /iefcs 

Moreover 

"F(fl) (fc) = li? g) fc- 

Thus EA : J ™F(_R): "F(fi)) ^ (A, "^AjWa) is an algebra isomorphism in (^971^ 

eA '■ (F {R) , AF(fl), eF(_R)) ^ (A, Aa,£a) is an ordinary coalgebra isomorphism. Thus 

TTiA o (eA g) ea) = eAomF{R), eAOUF{R)=UA, 



and 
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(R) 



= Aaoea, 



so that m^(fl), uj^(fl), A^(jj.), £^(fl.-) are exactly the morphisms mduced by m^, m^, A^, via the 
vector space isomorphism eA '■ F (R) — ^ A. Let ujf(r) be the map induced by loa via the vector 
space isomorphism i.e. 

ujp^R) := LOA o (cA ®eA®eA)-F (R) F (R) ^ F (R) k. 

Then : (F (R) , Api^i^-^,eF{R},mp(^jif,up(^ii-),ujF{R)) "t-a, ma, A^, e^, ^^a) is clearly an iso- 

morphism of dual quasi-bialgebras. Since, for all r G i?, we have tt (r) = (ri) tt (7-2) ~ Ea (r) Ijj, 
then, for r, s, i S i?, h,k,l € H, we get 

^F(R) [{r ®h)®{s®k)®{t® I)] = UJA {r<J (h) (g) sa (k) (g) ta (l)) 
= LUH [tt [ra (h)) (g) tt (sa (fc)) (g) tt (ta (l))] = ojh [tt (r) h (g) tt (s) k (g) tt (t) I] 
= ujh [sa {r) hig)eAis)kgi sa (t) I] = sa (r) £a (t) £a (s) uj h {h <gi k gi I) 

so that 

^F(R) [{r g) h) (g {s (g k) (g {t g) I)] = SA (r) ea (t) sa (s) ujh {h g) k g) I) . 

Note that (F (R) ,Ap^ii),epi^R),mp^fi),up(^R),ujp^R)) = once proved that {R,mR,UR, Ar,£r) 

is a bialgebra in the monoidal category ®,k) . It remains to prove that tur and ur are 

coalgebra maps. Since Ifj^I? is a pre-braided monoidal category and (i?, A/{,efl) is a coalge- 
bra in this category, then we can define two morphisms Ar,^r and sr^r in such that 

{R dg) R, Ar^r, er^r) is a coalgebra in too. We have 

AR(g,R : = dR^R^RtgiR o{Rg) aR,R^R) o{R(g CR^R g)R)o{R(g aj^]j^ ^) ° O'R,R,R0R ° {Ar Ar), 
£r^r ■ ^£r(^£r- 

Explicitly Ar^r satisfies (p]). In order to prove that niR is a morphism of coalgebras in ^yD, 
we have to check the following equality 

{niR (g) mR)AR(g,R = Artur. 

Since we already obtained that B := F (R) is a dual quasi-bialgebra, we know that 

Asiir (g) 1h) -b (s ® Ih)] = (r O Ih)i -b {s ® Ih)i (g {r g) 1^)3 -s (s » lff)2- 

By applying i? (g) ® i? £// on both sides we get: 



^((''-1)2® (5-1)2) 
c.-i[((^^)3>(5')o)-2®(r^)4 0(5^)3] 

(Ki)3 > (^Oo)-i ® (--1)5 (^-1)4) 



ir\-Riir'-^),>{s')oh 



(^0 -fl So) 



-M(r^-3>4) 



3 ■'0^-2 



„2 1 



rl -R {r-3 > 4)o ® (J-Q -R 4) 
= (m_R ® TOfl)Afl®_R(r ® s). 

The compatibility of with and the fact that ur is a coalgebra morphism can be easily 
proved. □ 



6. Applications 

Here we collect some applications of the results of the previous sections. 
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6.1. The associated graded coalgebra. 

Example 6.1. Let {A,mA,UA, Aa,sa,i^a) be a dual quasi-bialgebra with the dual Chevalley 
property i.e. such that the coradical H oi A is a. dual quasi-subbialgebra of A. Since A is an 
ordinary coalgebra, we can consider the associated graded coalgebra 

grA := ^ gr"A where gr"A := f''" . 

Here A-i := {0} and, for all n > 0, An is the nth term of the coradical filtration of A. The 
coalgebra structure of grA is given as follows. The nth graded component of the counit is the map 
^grA '■ ^n/An-1 — > k defined by setting 

The nth graded component of comultiplication is the map 

Ag",^ : gi^+'A grM ® g?A 

a-^-b—rijajbyO 

defined as the diagonal map of tlie family {A^f^)a^b^n.a.b>o where 

A^;'^ : gr^'+'A ^ grM ® g?A, Al;!^{x + Aa+t-i) = {xi + Aa^i) ^ {x^ + ^-i). 
Proposition 6.2. Let A be a dual quasi-bialgebra with the dual Chevalley property. Then 

(grA, rrigrA, "grA, AgrA, EgrA, t^gr^) 

is a dual quasi-bialgebra where the graded components of the structure maps are given by the maps 
TOg;.^ : gr'^A g?A ^ gr'^+''A, u^.a ■ k ^ gr"^, 
Al^A ■■ gr"+'^ ^ gr"^ ® gr'A, e^,^ : gr«A ^ k, 
Wg^^'^ : gr'^A (g) gr''A (g) gr^A ^ k, 

defined by 

"^gvA + ^a-l) ®{y + Ab-l)] := Xy + Aa+b-l, UgrA i^) ■= Snfi'^A + A_i = SnfilA, 

Ag;^(x + Aa+b-l) ■■= {Xl + Aa-l) {X2 + Ab^i), S^rAi^ + ^n-l) := SnfiSAix), 

^grTii^ + ^Q-l) ®{y + Ab-l) ®{z + Ac-l)] :== SafiSb,oSc,O^A{x y ® z). 

Here Sij denotes the Kronecker delta. 

Proof. The proof of the facts that m^^A and UgrA are well-defined, are coalgebra maps and that 
mgrA is unitary is analogous to the classical case, and depend on the fact that the coradical filtration 
is an algebra filtration. This can be proved mimicking [Mo, Lemma 5.2.8]. The cocycle condition 
and the quasi-associativity of nigr^ are straightforward. 

□ 

Proposition 6.3. Let A be a dual quasi-bialgebra with the dual Chevalley property and coradical 
H. Then (grA, i?, ct, tt) is a dual quasi-bialgebra with projection onto H, where 

a : H — > giA : h i — > h + A_i, 

TT : grA — > H : a + A„_i i — > Sn^a, for all a £ A„. 

Proof. It is straightforward. □ 

Corollary 6.4. Let A be a dual quasi-bialgebra with the dual Chevalley property and coradical H . 
Assume that H has a preantipode. Then there is a bialgebra R in such that grA is isomorphic 

to R4f=H a dual quasi-bialgebra. 



Proof. It follows by Proposition 6.3 and Theorem 5.7. □ 



Definition 6.5. Following [AS, Definition, page 659], the bialgebra R in Ifj^I? of Corollary |6A| 
is called the diagram of A. 
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6.2. On pointed dual quasi-bialgebras. We conclude this section considering the pointed case. 

Lemma 6.6. Let G be a monoid and consider the monoid algebra H := kG. Suppose there is a map 
Lo G (H (g) H)* such that {H,uj) is a dual quasi-bialgebra. Then {H^lj) has a preantipode S if 
and only if G is a group. In this case 

Sig) = [a;(5®5-i®g)]-ig-i. 

Proof. Supp ose th at 5* is a preantipode for {H, ui). Since iJ is a cocommutative ordinary bialgebra, 
by Theorem ^.16 , we have that kG is an ordinary Hopf algebra, where the antipode is defined, for 
aU g e G, by 

s{g) := S{g)^uj[g(^S{g)^^g]. 

Moreover one has S — eS * s. Now, since kG is a Hopf algebra, one has that the set of grouplike 
elements in kG, namely G itself, form a group, where g^^ := s{g), for all g E G. 
Now, since s is an anti-coalgebra map, we have 

S (g)i ® S (5)2 = sS{g)s (g), ® s (5)3 = sS{g)s (g) ® s (g) - Sig) ^ g-^ 

so that s{g)^S (g)^ uj[g(8)S (g)^ (gi g] = Sig)uj {g ® g-^ (g> g) . Hence S(g) = [oj{g®g-^(8)g)]-^g-^ . 
The other implication is trivial (see [AP, Example 3.14]). □ 



The motivation for the previous result is Corollary 6.9 below. 

Proposition 6.7. Let (A,™,?/, A,e,aj) be a dual quasi-bialgebra. Then the set of grouplike el- 
ements G {A) of A is a monoid and the monoid algebra kG [A) is a dual quasi- subbialgebra of 
A. 



Proof. It is straightforward. 



□ 



Corollary 6.8. Let {A,m,u, A,e,uj) be a pointed dual quasi-bialgebra. Then Aq = kG (A) is a 
dual quasi- subbialgebra of A. 



Proof. By Remark 2.1£ , Aq — kG (A) . In view of Proposition |6.7| , we conclude. 



□ 



Corollary 6.9. Let {A, m, u, A, e, uj, s, a, /3) be a pointed dual quasi-Hopf algebra. Then G (A) is 
a group and Aq = kG (A) is a dual quasi-Hopf algebra with respect to the induced structures. 



Proof. Set G :— G{A). By Corollary 6.8, Aq — kG is a dual quasi-subbialgebra of A. It remains 
to check that the antipode on A induces an antipode on Aq. We have 



5(52) «) s(c/i) 



s{g)®s{g), 



i.e. s{g) G G, for any g E G. Let Sq, ao, /^Oi '^Oj ™0: "Oi ^Oi £0 be the induced maps from 
s, a, /3, oj, m, u. A, e, respectively. It is then clear from the definition that Aq, with respect to these 
structures, is a dual quasi-Hopf algebra. Since any dual quasi-Hopf algebra has a preantipode, by 
Lemma 3.(:, G is a group. □ 



Pointed dual quasi-Hopf algebras have been investigated also in |Hul, page 2] under the name 
of pointed Majid algebras. In view of Corollary 6.9, which seems to be implicitly assumed in Hul , 
page 2], we can apply Corollary 3.4 to obtain the following result. 



Theorem 6.10. Let A be a pointed dual quasi-Hopf algebra. Then gvA is isomorphic to R=ffkG (A) 
as dual quasi-bialgebra where R is the diagram of A. 
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Appendix A. The weak right center 



Definition A.l. [ |BCP| , Section 1.5] Let (M, ®, 1, a, r) be a monoidal category. The weak right 
center Wr (M) of is a category defined as fohows. An object in Wr {M) is a pair {V,c^y) , 
where V is an object of M and C-y is a family of morphisms in M, cx,v ■ X (S)V V ® X, 
defined for any object A in A^, which is natural in the first entry, such that, for all X,Y ^ A4 we 
have 

(46) fly^x,!- ° cx(s,Yy o = i'^xy ®Y)o al^yy o (X ® cyy) 

and such that ry o ciy = . A niorphism / ; (V, c-y) — > {W, c-^w) is a niorphism f : V ^ W in 
M such that, for each X ^ A4 we have 

(/ A) o cxy = cx,w o (A ® /) . 

Wr (A^) becomes a monoidal category with unit or) and tensor product 

{V, C-y) ® (W, C_,w) = iV(E)W, C_,V8W) 

where, for aU A e A^, the morphism cxyt^w : A (g) (F W) — > (8) A is defined by 
cxy(»w ■= 0'vlw,x ° {y ® cx,w) ° av^x,w ° (cxy <S>W) o a'^y^^. 

The constraints are the same of M. viewed as morphisms in Wr(A4). Moreover the monoidal 
category Wr (A^) is pre-braided, with braiding 

C(V,c^,v),(W,c.,w) ■ ® {W, C-^w) {W, C-^w) ® {V, C-y) 

given by cv,w- 

Theorem A. 2. Let H he a dual quasi-bialgebra. The categories Wr and are isomor- 

phic, where ^DJl is regarded as a monoidal category as in Section 0. 



Proof. The proof is analogue to |Ba, Theorem 3.5]. 

□ 

A.l. Example: the group algebra. We now investigate the category of Yctter-Drinfcld modules 
over a particular dual quasi-Hopf algebra. 

Let G be a g roup. Let f? : G x G x G — > k* ■.— k\ {0} be a normalized 3-cocycle on the group G 
in the sense of Majl , Example 2.3.2, page 54] i.e. a map such that, for all g, h,k,l ^ H 

9ig,lG,h) = 1 
9{h,k,l)e{g,hk,l)e{g,h,k) ^ 9 {g,h,kl)9 {gh,k,l) . 

Then 9 can be extended by linearity to a reassociator u : kG (g) kG (g) kG — ?> k making kG a dual 
quasi-bialgebra with usual underlying algebra and coalgebra structures. This dual quasi-bialgebra 
is denoted by k^G. Note that in particular k^G is an ordinary bialgebra but with nontrivial 
reassociator. In particular it is associative as an algebra. Let us investigate the category ^eg^V^? 
of Yetter-Drinfeld module over k^G. 

Definition A. 3. Let 0:GxGxG— >k*bea normalized 3-cocycle on a group G. The category 
of cocycle crossed left G-modules (G, 6')-Mod is defined as follows. An object in (G, 6')-Mod is a 
pair {V, ►) , where V = (Bg^oVg is a G-graded vector space endowed with a map G x V ^ V 
such that, for all g,h,l G H and v ^ V, we have 

(47) ht^VgEVi^gh-^, 

. . 9(hlgl-'^h'\h,l)9(h,l,g) ^ ^ 

(49) 1h ^ V ^ V. 

A morphism / : (F, ►) {V',>-') in (G,6')-Mod is a morphism f : V ^ V of G-graded vector 
spaces such that, for all /i G iJ, u G V, we have f{h ► w) = /i f{v). 
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The following result is inspired by [Maj2, Proposition 3.2]. 

Proposition A. 4. Let 9 : G x G x G ^ k* be a normalized 3-cocycle on a group G. Then the 
category ^g^yD is isomorphic to (G, ^?)-Mod. 

Proof. Set H := k^G and let {V,pv, >) £ f 3^2?. Then {V,pv) is an object in ^'^DJl. Hence, see 



e.g. |Mc, Example 1.6.7], we have that V = (SgeaVg where Vg = {v G V \ pv (v) = g ^ v}. Define 
the map G x V ^ V, hy setting g ^ v :— g [> v. It is easy to prove that the assignments 

{V,PV,>)^iV = (Bg^GVg,>') f^f 

define a functor L : ^yV ^ (G,6')-Mod. Conversely, let {V = ^g^cVg, ►) be an object in (G, 6*)- 
Mod. Then ► can be extended by linearity to a map l>: kG ^V^V. Define pv ■ V kG CS) V, 
by setting pv (v) = g (S> v for all v £ Vg. Therefore, the assignments 

iV^(BgeGVg,*^)^iV,PV,>) f^f 

define a functor R : (G, 0) -Mod ^yV. It is clear that LR = Id and RL = Id. 

□ 

A. 5. As a consequence of the previous result, the pre-braided monoidal structure on j^e^y^^ induces 
a pre-braided monoidal structure on (G, ^?)-Mod as follows. The unit is k regarded as a G-graded 
vector space whose homogeneous components are all zero excepted the one corresponding to Ig- 
Moreover h > k = eh (h) k for all /i e _ff , fc G k. The tensor product is defined by 

where 

{V(i)W)^^(BheHiVh®W,,-ig) 
and, for all D G V^, u; 6 Wi, we have 

, 9(hgh~\hlh~\h)e(h,g,l) , ^ , 

The constraints arc the same of ^93t viewed as morphisms in |f 3^2?. 

The braiding cyyv '-V ®'W ®V \& given, for all w G V^, w e PV/, by 

cv.y/ {v ®w) — {g ^ w) ® V. 
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